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[0.1. HIKOJIACHKO, B.I". JIbBOBCHKMIA

®dizuko-TexHivynaui ainedt npu XHTY ta THY
C.B. MOICE€EHKO

XepCOHCHKHI HAalllOHAJILHUN TEXHIYHUH YHIBEpCUTET

PO3B’A30K 3AJJAYI AIPIXVIE AJIA PIBHAHHSA JIAIIJIACA B ITOJIAPHUX
KOOPAUHATAX METOJOM MOHTE-KAPJIO

B pobomi nobyoosana mooenv 6unaokosux OIYKab Y NOJAPHUX KOOPOUHAMAX OJisl
obracmet, SKi MICMAmMb KOOPOUHAMHUL NOTIOC. 3a O00NOMO2010 OAHOI MOOeNi MOJICHA
po36’azyeamu 3adayy Jipixne ons piensanus Jlannaca y kpy3i ma ¢ 6y0b-saKux 001acmsx, wo €
yacmunolo Kpyea. /[nsa oOuUCIeHHA anpiopHUX NepexioHux UMOGIPHOCmell 3aCmOocO8aHa
imepayitina npoyedypa, 00 Mmoo H HAABHICMb NOIIOCY 8 0baacmi He 30inbuye ii NOXUoOKy
Ilobyodysana 00HOKpOKOBa MOOenb uUNAdKosux Onykaws Oas kpyea. Ilokaszano, wo 0514
obnacmi y ¢hopmi kpyea 0OHOKPOKOBA MOOelb SUNAOKOBUX ONyKaHb 3abe3neuye OiLnbuLy
MOYHICMb PO3PAXYHKIG, NOPIGHAHO 3 DA2AMOKPOKOBOIO.

Knrouosi cnosa: memoo Moume-Kapno, sunaoxoei 6aykanHs, 0OHOKPOKO8A MOOeb,
imepayitina npoyedypa, 3adaya Jlipixne ons piensanus Jlaniaca, noispHi KOOpoOuHamu.

10.11. HUKOJIAEHKO, B.I'. \JIbBOBChKHUIA

Ousuko-rexuuueckuit muuert npu XHTY u JHY

C.B. MOUCEEHKO

XepCOHCKI/[ﬁ HaIII/IOHaJ'ILHHﬁ TEXHUYECKUMN YHUBCPCUTET

PEHIEHUE 3ATAYA JUPUXJIE JJIS1 YPABHEHMUS JIAIIJIACA B ITIOJIAPHUX
KOOPAUHATAX METOJOM MOHTE-KAPJIO

B pabome nocmpoena mooenv cayuaiinvix O1yHCOAHUL 8 NOJAPHBIX KOOPOUHAMAX O
obnacmetl, codepxcawux Koopournamuwviti nomoc. C nomowpio OAHHOU MOOenU MONCHO
pewams 3a0auy [upuxine O0ns ypasnenus Jlannaca 6 Kpyee u 6 J00blx 001ACMAX,
AGIAIOUWUMUCA Hacmblo Kpyed. [[is 8bluucieHUsi anpuopHbuiX NepexoOHbIX GeposmHOCmel
npUMeHeHa UMepayuoHHas npoyedypd, npudem Haiuyue noaca 8 001acmu e yeeauyusden
ee nocpewinocms. . Ilocmpoena 00HOWA206a51 MOOENb CAYYAUHBIX OXYHCOAHUU OISl Kpyed.
Ilokazano, yumo 0na obracmu 6 ghopme Kpyea 0OHOWA208A51 MOOENb CAYHUAUHBIX ONYHCOAHULL
obecneyusaem b6oiee 8biCOKYI0 MOYHOCb BbIYUCTIEHULL, NO CPABHEHUIO C MHO2OULA20BOII.

Knrouesvie cnosa: memoo Monme-Kapno, crayuaiinvie Onysicoanus, 00HOULA208AS
MoOdenb, umepayuoHuas npoyedypa, sadaua [upuxine ona ypasnenus Jlannaca, nonapHvie
KOOPOUHAMDL.

Yu.l. NIKOLAYENKO, V.G. ILVOVSKY
Physics and Technical Lyceum at KhNTU and DNU
S.V. MOISEENKO

Kherson National Technical University

THE SOLUTION PROBLEM OF DIRIHLE FOR EQUATION OF LAPLACE IN
POLAR COORDINATES BY METHOD MONTE CARLO

In this work, a model of random walks in polar coordinates for regions containing a
coordinate pole is constructed. With this model, we can solve the problem Dirihle for
equation of Laplace by method Monte-Carlo in a circle and in all areas that are part of the
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circle. Transient probabilities, as a rule, are found by the method of statistical tests, but in
this work implemented the iteration procedure for calculating the a priori transition
probabilities. We also note that the probabilities of transition to the boundary nodes,
symmetric with respect to the axis from which the particle started, exactly coincide, which is
practically not observed in the application of the statistical test method. Problem Dirihle for
equation of Laplace for the on circle can be solved by using integral formula of Poisson. In
this paper, a one-dimensional model of random walks in a circle is constructed on the basis of
the Poisson integral formula. For a circle, a formula is derived for calculating the probability
of transition from any node inside the circle to the node at the boundary of the circular
region. Comparative testing of transition probabilities, calculated using two different models,
was carried out. The results showed that for a circle, the one-time model of random walks
always provides greater accuracy than multi-stage, provided that the distance between the
nodes at the edge of the circle is twice less than that of the circle. The test results showed that
the pole presense does not increase the error of the calculations. As a result, this multi-stage
model can be used for any areas that contain a coordinate pole, can to build a iterative
procedure for a more complex area, having the experience of constructing it for a circle and
a semicircle. To calculate the transition probabilities, we must apply the formulas obtained.
However, do not forget that the one-way model of random walks runs only in the circle.
Keywords: method of Monte Carlo, random walks, one-step model, iteration

procedure, problem Dirihle for equation of Laplace, polar coordinates.

ITocTanoBka npodiaeMu

Benuka KinbKiCTh TPHUKIAIHUX 3a/ad MPUBOJUTH 10 HEOOXITHOCTI PO3B’SI3aHHS
KpalloBUX 3ajay Uis piBHSHb MaTeMaTuyHoi ¢i3uku. Ilpu HOCHiIKeHHI CTalioHApPHUX
nporieciB pi3HOI (Pi3uyHOT TPUPOAN (TETUIONPOBIAHICTE, AMQY3isd) 3a3BUYall MPUBOIATH 10
3a/1a4 eMNTUYHOTO THITY.

HaiiGinpmn mommpeHuM piBHSHHSAM I[OTO THMY € piBHsAHHA Jlammaca. Bynp ski
00YMCIIEHHS, IO BUKOHYIOTHCS TIPY HAOIMKEHOMY PO3B’sI3aHHI OIBIIOCTI 33724, HE MOXYTh
IrTHOpyBaTl TOW (akT, 1O ciTka MojeNi moOyJoBaHa B TEBHIM cuctemi koopawHat. Jlo
HANOUIBII MOMIMPEHUX CHCTEM KOOPIMHAT BiTHOCATHCS JCKApTOBA, MOJSIpHA Ta JOBUIbHA
(opToroHanpHa 1 HEOPTOTOHANbHA). SKIIO 00MacTh Mae GopMy Kojia abo CEKTopa, TO MpHU
3aCTOCYBaHHI JIEKAPTOBOi CHUCTEMH BUHHUKAIOTH Mpobiemu 3 omucoM (yHKIII Ha Mexi
obmacti. Tomy mist Takux o6sacTel MPUPOTHO 3aCTOCOBYBATH TOJISIPHY CHCTEMY KOOPIMHAT,
B SIKI PO3paxyHKOBI BY3JIM CIIIBIIAJAI0Th 3 TPAHUYHUMU BY3JIaMHU.

B psaagi pobGitr [4-9] Bxke 3acTocoByBamacs MOJsIpHA CHCTEMa KOOPAMHAT JUIs
po3B’s3anHs 3ana4i Jipixie mist piBHsHHES Jlammaca merogom Monte-Kapio. Ane npu ripomy
po3rasaanacs TUIbKH 00JacTh Y BUIIISIII KUTBIIEBOTO ceKTopa. ToMy 3anuinaerbes mpoodiiema
PO3B’sI3aHHS 1Ii€1 3a1a41 JyIsl 001aCTeH, B SIKUX MICTUTBCS KOOPAMHATHHUH TOJTIOC.

AHaJi3 OCTAHHIX JOCTIIAKEHb | myOaikamii
B monspaux koopauHaTax 3amada Jlipixie ais piBHsHHS Jlammaca mae Bursg [1]:

o r or +r F:O'
® (1)

U |r= f(r’¢)-

U 10U 13U
2

ne f(r,p) — 3anana ynkiis Ha Mexi obmacti I
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Puc. 1. Koopaunarha citka

IIpu uymcenpHOMY pO3B’s3Ky 3amadi MeTogoM Monte-Kapno ob6nacts (puc. 1)
MOKPUBAIOTh KOOPJAMHATHOIO CITKOI, a 3HAYEHHS IIyKaHOi (YHKI y BHYTPINIHIX BY3JIax
CITKH pO3paxoByIOTh 3a hopmyioro (2)[2]:

U(r,. 0, )= P(is Joss:t)- F (1. ) )

(s.t)

ne (fs,pt) — KOOpIMHATH BY3JIiB Ha MEki o0jacTi, a P(io, jo;S,t) — WMOBIpHICTD IS
BHUIIaJIKOBO OJIYKAar040i YaCTHHKHU TEPENTH 3 BHYTPIIIIHLOTO By3Ja 3 KOOPIHHATAMU (rio,gojo)

y BY30J1 Ha MeXi 00J1acTi 3 KoopauHaTamu (Is,¢t).

Mopenb BUIMAIKOBHX OJyKaHb MJisi PO3pPaxyHKy TEpeXiTHUX HWMOBIPHOCTEH B
MOJIIPHUX KOOPJAMHATaX BXKe po3risaanack B podorax [3], [4], ame BoHA HE MPUCTOCOBAHA
U1l 00JacTei, sIKi MICTATh KOOpPAMHATHUH moitoc. Y pobGoti [5] Oyma 3amporoHoBaHa
JIBOKPOKOBA MO/IEJIb BUIIAJIKOBUX OJIyKaHb, alie TUIBKU JJ1s1 4-By3JIOBOTO KiIBIIEBOTO CEKTOPA.

Meta pocJainkenHs

VY naniii poOOTiI cTaBUTHCA 3ajlauya BIAPEryIIOBaTH MOJIENb BUIIAJAKOBUX OJyKaHb Y
MOJISIPHUX KOOPJIMHATAX TaK, 1100 i1 MOKHA OYyJI0 3aCTOCOBYBATH JIJIsl OOJIACTEH, SIKI MICTSITh
KOOPJAMHATHUHN TOJIIOC, a TAKOXK NOOYIyBaTH OJHOKPOKOBY MOJIEb BUIIAJKOBUX OJyKaHb IS
obmacti y ¢opmi KoJa.

BukiaaeHHs1 0CHOBHOIO MaTepiaJry J0CTiI:KeHHS

Iepeximui tHmoBipHocTi B dopmyrmi (2), sSK TpaBWIO, 3HAXOAATH METOJIOM
CTaTHCTUYHUX BUIPOOYBaHb, ajiec B poOoTax [8-9] 3ampomonoBana iTepauiiiHa mpoueaypa
oOuMcieHHs mepexinHux KMoBipHocTeill. CyTh AaHOi mpouedypd MOJsArae B TOMY, IIO
O3S AAETHCS HE TPAEKTOPIS BUITAKOBO OJYKAIOU0i YaCTUHKH, a HMOBIPHICTh MepeOyBaHHS
YaCTUHKHU B KO)KHOMY BY3J11 00JIaCTi Ha KO)XKHOMY Kpoti. Jlo moyatky 61ykaHHS WMOBIPHICTb
nepeOyBaHHS YaCTHHKH B TOYIIl CTApTY JOPIBHIOE OAMHUIIN, a B YCIX IHIIKX BY3JIaX JOPIBHIOE
Hy10. Ha kokHOMY Kpolli y BCiX BHYTpIIIHIX By3llax o0jacTi WMOBIpHICTH mepeOyBaHHS
YACTUHKH PO3PAXOBYETHCS 3a (popMysioro moBHOI WMOBipHOCTI. [Ipu moTparuisiHHI B By30.1 Ha
MEK1 YaCTUHKA OJyKaHHS MPUITUHSE, 2 HMOBIPHOCTI nepeOyBaHHS YaCTUHKHU B IIUX BY3J1aX Ha
KOKHOMY KpOIll HakomuuyroTbes. Ilpomeaypa MOBTOPIOEThCS 10O THUX TMip, JIOKH cyMma
HMOBipHOCTEH Mepe0yBaHHS YaCTHHKH B By3JIaX Ha Mexi obsacTi Oyne Binpi3HsaTHCA Bif 1 Ha
BEIIMYMHY, HE OUIbINE 3aaHOi MOXUOKH, TIPHU I[bOMY HAKOMWYEHI MMOBIPHOCTI B By3/1aX Ha
MEK1 SIKpa3 IOPiBHIOIOTH IMOBIPHOCTSIM MEPEXOY B IIi BY3JIH.

B sikocTi mpukiagy mokaxxemo sK peali3yeTbes iTepalliiiHa mpoleaypa Ha 00J1acTi, o
Mae (opmy kona (puc.2), B IKOMY KOOPAMHATHUH MOJIIOC CYyMIIIEHUH 3 IEHTPOM KOJa.
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(R, @)

(Lm)

a) 0) B)
Puc. 2. Po3paxyHkoBa 00J1aCTh:
a) IS iTepariiHoi mpoueaypu; 0) i OJHOKPOKOBHUX OJyKaHb, B) JJISI TECTOBOTO
MIPUKIIANY.
3a IOMOMOTOI0 ITepalliifHOl MPOIEAYPH 3HAWIEMO ampiopHi MepexigHi HMOBIPHOCTI

P(i, j;s,t) MOTPAIUISHHS YaCTHHKH y TpanwuHi By3iam (S ,t). Bymemo pospaxoByBaTu

HMOBIpHICTH mepeOyBaHHs YacTUHKU y BY37i (i, J) Ha (K+1)-omy Kpotli, SKuil He HAJICKHUTh
MeXi 00JIacTi, HE € CYCIJIHIM 3 MEXero a00 MOJIOCOM 1 HE € TOJIIOCOM MOJISIPHOT CUCTEMHU
KoopauHat. s iMoBipHICTH BiAmoBizHA A0 (HOPMYIH MOBHOI KMOBIPHOCTI, Ma€ HACTYITHUN

BUTJISA;

PEY (i, ) =R (r+h)-PY(i+1 j)+ P (r,—h)-PY(i-1 j)+ P (r)-PY (i, j-1)+

P, (r)-PY (i, j+1), ®)

ra’ (2r-h) o (21 +h)
T2y )=
4(!}0{ +h> 4(I’ia +h)

pamianbHOMY HampsiMi B OiK IOIOCY 1 BiJ] MOJTIOCY BiMTOBIIHO;

A0 =R =)

ne B(r)= — IMOBIpPHOCTI Mepexo/Iy B CyCi/iHii By30I B

— HMOBIPHICTh MEPEXOAy B CYCiHI BY3JIM B a3UMYyTAIbHOMY

|
HaTPSIMi,
0. — KPOK B a3UMyTaJIbHOMY Hampsmi, h — B pagiaabHOMY Hampsmi.

Jlnst By3na cycimHbOTO 3 Mexer obOsacti B gopmym (3) HEOOXIAHO TOKIACTH
P.(r,)=0, ockinbku Ha Mexi 0GmacTi GIyKaHHS IPUIUHAIOTHCSL.

Jnst oOuncneHHss HMOBIPHOCTI BUXOAY YAaCTUHKU 3 TOJIOCY CHUCTEMHM KOOpIMHAT
3aCTOCYEMO TEOPEMY MPO CEPEAHE 3HAUEHHS TapMOHiuHO1 QyHKIT [6], BiAMOBIAHO 10 SKOI:

UM == [U (hp)do. @

0
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ne My — criBagae 3 MOJIIOCOM 1 € EHTpOM Kpyra pamiycoMm h. SIkmro y gopmyiti 3aMiHUTH
1HTerpaj IHTErpaJIbHOI0 CYMOIO, TO OTPUMAEMO:

A 1
UM,) = SU(h,g, 2—“’z—ZU(h,<oj),
i T N5

()

2
ne Aqo:az—ﬂ.
n

[Moxi6buum umHOM (opmyna (5) obrpyHTOBYeThCs B podoti [7]. Lla dopmyna mae
1 ) . .
Burisig Gopmynu (2), 1e — JOPIBHIOE WMOBIPHOCTI BUXOMY 3 IEHTPAIHHOTO By3Jia B Oyb
n

AKUH 13 cycigHix By3diB. [Ipu N=4 orpumana dhopmyra NepeTBOPIOETHCS B BioMy (Gopmyiry
yCepemHeHHs rapMOHidHOi (yHKI 1o "mpsMoMy xpecTy”, moxuOka sikoi mopisrioe O(hY).
[Ipu 30impmieHH] N TOYHICTH opMynH 30iUIbIIyeThCA. OTXke, naHa (GopMmysia HE TMOTIPIIyeE
MOXHUOKY MPOIIEAYPH, TOMY IO MOXiOKa KoedimienTis popmymu (3) Mae mopsizok O(h®).

VMoBipHicTb TepeOyBaHHS YaCTUHKH y BY3IaX, SIKi € CYCIZHIMH 3 IOIIOCOM Ma€e
BUTJIS

PED(L, j) =R (2h)- PO, )+ R()- PO -1+ B,(N)- PO, j+1) + = PY(0),
n

(6)
ne P®(0) — itmMoBipHicTh TIepeGyBaHHs YACTMHKH B IIEHTPATbHOMY By3Ji Ha K-omy
KPOIIi.
s momocy Gopmyiy (3) Tpeba 3aMiHUTH HACTYITHOIO (hOPMYIIOIO:
PED(0)=R(h)- 2P (L ]). ™
j=1
Jlns By3na (S ,t) Ha Mexi oOmacTi:
P& (s,t) = PY (s5,t)+ Ry(r,,)-PY (s-11). (8)

Jlnst BUnpoOyBaHHS MPOLEAYPU BUKOPUCTAEMO KpYT 3 paaiycom R=1, citky 3 S = 25,
n =96, a 3a cTapTOBY IMO3WIIII0 YACTUHKHA BI3bMEMO TOYKY 3 TOJSPHUMH KOOpPJHWHATAMHU
(1/2;0).

BiamiTumo, 1110 TMOBIPHOCTI MEepexoay y TpaHUYHI BY3JIM, CHMETPHUYHI BITHOCHO OCI,
3 SIKO1 CTapTyBaja YaCTHMHKA, TOYHO CHIiBIANAIOTh, IO MPAKTUYHO HE CIIOCTEPIraeThbesl MpH
3aCTOCYBaHHI METOJY CTaTHCTUYHUX BUIPOOyBaHb. TakoXk 3a JOMOMOTOI0 TPOIEIypH 3a
JIOCUTH HEBEJIMKUH Yac MOXKHA pO3paxyBaTH HMOBIPHOCTI NOTPAIUISIHHA B yCi BY3JIM Ha MEXI
obsacti 3 Oyab-sIKOI0 TOYHICTIO (TMOXMOKa<d), IO B METOAI CTAaTUCTUYHHX BHIPOOYBaHBb
PAKTHYHO HE NOCSKHE. Po3B’si30K 3amaui (1) cmig owikyBarm 3 Tounictio mo O(h%),
BHACJIIJOK CITKOBHUX ITOXHOOK.

3amauy /[ipixne s piBHsHHS Jlammaca y kpyroBiii obGmacti (puc.20) MoOXHa
PO3B’s13aTH 3a JOMOMOroI0 iHTerpansHoi hopmyau [lyaccona (1) [1]:

2z R2 2

1 -r
Uro)=-—[ = ;
5 R°=2Rrcos(@—-¢)+r

U (p)de, (9)
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R%—r?

Jie BUpa3

R? - 2Rrcos (6 — @) +r?

Mae Ha3By A1po [lyaccona.

Tabmuns 1

MIMoBipHOCTI MOTpAIUISIHHS B OKPEMi BY3JIM Ha MEKi Kpyra pazaiyca 1 uepes K itepartiii mpu

crapti 3 Touku (1/2;0)

7, KinbkicTh iTepartiii
k=6000 | k =12000 [ k=18000 k = 24000 k = 60000
0 0.03474 | 0.035127 0.0351724 0.03517777 0.035178482
/8 0.02467 0.0251043 0.02510960 0.025110311
0.025059
/2 0.00526 | 0.005640 | 0.0056858 0.00569111 0.005691827
T 0.00266 | 0.003045 [ 0.0030907 0.00309602 0.003096732
5n/4 0.00314 | 0.003523 | 0.0035681 0.00357341 0.003574119
3n/2 0.00526 | 0.005640 | 0.0056858 0.00569111 0.0056918267
15n/8 0.02467 | 0.025059 0.0251043 0.02510960 0.025110311
5=1-Y>P(s,t)
st 0.042 0.0049 0.00058 0.000068 0.0000000002
Yac (¢) 2.13 4.30 6.34 8.42 21.12

HaGmmxeno 3aminumo iHterpan Ilyaccona (9) #oro iHTerpajabHOI CyMOIO, B SIKiif

_2z.
=

Ap

1 2z
27 3 R*—2Rrcos(6-¢)+r°

R®—r

3BiJICH OTPUMAEMO:

3a3HaunMo,

Ure)=y

1o JaHa

RZ

U(p)de =~
(w)de ;RZ—ZRI’COS(Q—(DJ-)+F2

-r

n

R? —r?

2

j=1

n-(R*—2Rrcos(0—g,)+r?)

HECKIHUCHHO OJM3bKUX 110 TpaHuili, To0to. I € [0; R).

U(R,9,)

A
UR,p)=2

27’

(10)

IHTerpaJlbHa CyMa HE 3aCTOCOBYETHCS JUIA BIACTaHEH

Dopmymna (8) mae Burnsan dopmymu (2), B AKilt mepexinni iimosiprocti P(r,0;R, ¢;)

PO3PaxoBYIOTHCS 32 POPMYIIOL0:

P(r,0;R,p;) =

RZ_rZ

2 AN
n-(R"—2Rrcos(d—¢;)+r°)

11)

Y Tabn. 2 HaBeleHO pe3yNbTaTH 3HAXO/HKEHHS MEpexiHuX WMOBIpHOCTEH 3a
nornomororo dopmynu (11) ta itepariiinoi nporeaypu. s po3paxyHKIiB BUKOPHUCTOBYEMO
CiTKy 3 S = 25, n = 96 i3 cTapTOBOIO MO3UIII€I0 YACTUHKM B ToUll 3 koopauHatamu (1/2, 0)

(puc. 2 B).
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Mu 6Gaummo, 110 3HAYCHHS HMOBIPHOCTEH, PO3pPaxOBaHHMX JBOMA METOJAMH JIEIIO0
BIZIPI3HSIOTHCSA, TIPU YOMY HaOL1bIIi po30iKHOCTI crocTepiratoTbes i Touku (1,0), sxa e
HaWOIMHKIOI0 IO TOUYKHU cTapTy. [lepeBipuMo, sikuif 3 IUX CIOCcO01B TOUHIMIUH.

[IpoBenemo TtectyBaHHs (Tabn. 3) OTpUMAaHHX peE3yAbTaTiB 3a JIOTIOMOTOIO

rapmowniunoi pynkuii f(r,¢): f(r,p)=r?cos2¢p+2.

Tabmums 2
IMepexinni iiMOBiIpHOCTI, po3paxoBaHi 3a hopmysioro (11) (B YHCETBHHKY) i 3@ JOTTOMOTOIO
iTepariitHoi mpoueaypu (B 3HAMEHHHUKY), IPU cTapTi 3 Touku (I, 0) B By3u Ha rpanutli (1,p)

CTapT@ o (1.0) (1,m/8) (1,n/4) (1,m/2)
(1/8, 0) 0.0133929 0.0130680 0.0122238 0.0100966
, 0.0133963 0.0130699 0.0122233 0.0100956
(1/4, 0) 0.0173611 0.0162609 0.0137748 0.0091912
' 0.0173729 0.0162638 0.0137705 0.0091904
(1/2,0) 0.0312500 0.0239559 0.0143905 0.0062500
, 0.0313466 0.0239241 0.0143762 0.0062509
Tabaumsg 3

HaGnwkeni 3HaueHHs %1 (r,0) f ,(r,0)  dynkmii f (r,6), pospaxosani 3a hopmymoro (10) Ta

3a IOMOMOTOI0 ITepaIlifHO1 POLIEIyPH BIATMIOBITHO, Ta X BIAHOCHI MOXUOKH

r f(r.0) f.(r,0) & f,(r,0) &
1/24 2.001736111 | 2.001736111 0% 2.001743914 | 0.00039%
1/4 2.062500000 | 2.062500000 | 2.2-10~** % | 2.062623717 | 0.0060%
1/2 2.250000000 | 2.250000000 | 3.9-10~*% [ 2.250247427 0.011%
5/8 2.390625000 | 2.390625000 | 1.3-10713 % | 2.390887123 0.011%
3/4 2.562500000 | 2.562500000 | 2.5-10~1%% | 2562731016 | 0.0090%
7/8 2765625000 | 2.765641447 | 0.00059 % | 2.765770939 | 0.0053%

VY Tabn. 3 6aunMMo, IO TOYHICTH Pe3yJbTATIiB MPH 3aCTOCYBAaHHI OJHOMAPIIPYTHOI
MOJIeJTi BUTIAJKOBUX OJIyKaHb Habarato BUINA, HIX MPH 3aCTOCYBaHHI 0araToMapIipyTHOT IpH
r <7/8 . Ilpote 6ins Mexi Kpyra TouHictb cymu (11) HaGaraTo 3MeHIIy€eThCS.

VY X0l eKCrepuMEHTY MU MOPIBHIOBATUMEMO BiacTaHb MK By3imamu 1=27z(R-h)/n i
Bijictanb 10 Mexki (y Hamomy Bunanky d=1/24). 3'scyemo, npu sikomy ix BigHomeHHi o=I/d
3a0e3mevyeThCss He0OXi1Ha HaM TOYHICTb.

Pesynbratu oOuunciieHHs HaBeeHI B Ta0. 4.

Jlnsi TOpIBHSHHS HAaraJgaemMo, IO TOYHE 3HadYeHHS QYHKII B JaHIA  TOYIN
f(0,23/24)=2,9184027778. Ilpu n = 96, BigHOCHA MOXMOKA MpPU 3aCTOCYBaHHI iTepariifHOl
npouenypu ctaHoBUTh 0.0019%.

Tounicth o0OuucieHHs 3HadeHHS (QYHKIII 32 OJHOMApPIIPYTHOK  MOJEILIIO
3pIBHIOETHCS 3 TOUHICTIO PO3PAaXyHKIB 32 TOMIOMOTOIO ITepaIliiHo1 mpoIeIypH, KOJIU BiACTaHb
MIX By3JlaMH Ha MEXIi B JIBa pa3u MEHIIIA, HIX BiJICTaHb 10 Mexi, a ipu | = d/4 TouHicTh 01HO
MapIIPyTHOI CXEMH CTa€ Ha MOPSAKH BHIIIE.
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Taomuus 4

HaGnuxeni 3HaueHHs QyHKii f (r, 6?) B TOUIII 3 KOOpIUHATAMH

(23/24;0),po3paxoBani 3a gomomoroio cymu (10) mpu pisHUX KITBKOCTSX BY3JIiB N

n 96 144 192 288 576
- (23
f, (QOJ 3.021 2.932 2.920101 2.9184313 | 2.9184027779
0] 1571 1.047 0.785 0.524 0.262
& 35% 0.451% 0.058% 0.00098 % 4.6:107°%
Bucuosxu

B poGoti ymockoHaneHa mpoleaypa pO3paxyHKy anpiopHMX HMOBIpHOCTEH, IO
JI03BOJIsIE PO3B’s3aTH 3aaauy Jlipixie s 00J1acTeid, Mo MICTITh MOIOC 32 JOCUTh KOPOTKUHN
yac Ta 3 JOCTaTHRO BHUCOKOIO TouHicTiO. /s obmacti y ¢opmi Kpyra 3amporioHOBaHa
OJTHOKPOKOBA MOJIC]Ib BUIAJAKOBUX OJyKaHb, sKa J03BOJISE PO3B’sa3yBaTH 3amady (1) 3HAYHO
TOYHIIIIE, SKIIO JOCIIKYBaHAa TOYKA HAaXOIUTHCS BiJ MEXi Kpyra Ha BiJICTaHI NMpUHAHMHI
BJIB141 OB HIXK BIJICTAHb MIXK BY3JIaMHU.

BigmiTHMO Tako, 110 TOYHICTH PO3PAaXyHKIB 3a JOMOMOTOIO iTepalliifHOl mpoleaypu
3QIIMINAETHCS BUCOKOIO 1 JJISI TOYOK, sIKi 3HAXOMATHCS HA BIJICTaHI OJHOTO KPOKY YMCIIOBOT
CITKH BiJ1 MEXI Kpyra.
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