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Introduction and problem statement. Mobile ro-
bots (MRs) and robotic systems are becoming more and
more widespread in various industries: from transportation
and assembly operations to high-tech processing [1-5]. For
a successful creation of the systems, the stage of their de-
velopment commonly implements the means and ap-
proaches of mathematical and simulation modeling. In
such a way, major mass-size, economic and environmental
parameters are optimized, compliance of the control sys-
tem with the given quality indicators is verified, and so on.
This approach allows specifying the structure and parame-
ters of control devices of the robot control system in due
time (that is before the development of an experimental
sample), as well as checking its main dimensions and the
feasibility of choosing particular structural elements (driv-
ing wheels, motors, caterpillar tracks, etc.). In addition, it
enables pre-estimating the time of the robot’s response
(change in control coordinates) to the setting action for the

tasks of automatic control, which is crucial for ensuring a
high accuracy of the MR’s technological operations [5].

Under present-day conditions, of great interest is the
possibility of realizing one or more technological operations
on inclined and vertical surfaces with the help of MRs [5].
The robots with such a function are complex multicompo-
nent technical objects; their operation requires special
computer-aided monitoring and control systems [2]. An
important phase in the development of such systems is
mathematical and simulation modeling of the future de-
signs [6]. In order to test the algorithms controlling the
MR’s spatial motion along inclined surfaces and study the
effectiveness of the MR’s control system, it makes sense to
develop models of the whole MR and its individual compo-
nents taking into account their design features and em-
ploying mathematical and computer simulation methods,
which are quite effective and cheap in comparison with
experimental and other approaches [6].
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Latest research and publications analysis. Publica-
tions [7-8] present and elaborate on the basic methods for
mathematical modeling of control objects, which are used
for the analysis and synthesis of an automatic control sys-
tem. A mathematical description of the main types of mo-
bile robots (wheeled, tracked and walking) is given in [9-
16]. Development of mathematical models and transfer
functions for DC and AC motors, gear units, driving wheels
and other elements for the tasks of automated control is
considered separately, for instance, in papers [17-19].
Besides, there is a certain number of publications concern-
ing the synthesis of mathematical models of wheeled [12],
tracked [13, 14] and walking [15-16] mobile robots.
Meanwhile, the problem of development of the mathemat-
ical model of a wheeled MR moving vertically along in-
clined ferromagnetic surfaces, which would suitable for
further synthesis of its automatic control system, is still
unresolved. Analysis of the physical properties and tech-
nical characteristics of the MR as an object of control of a
spatial position with respective control coordinates [20]
proves the feasibility of development of its mathematical
model with the use of the principles and algorithms based
on the theory of vehicle movement and phased inclusion of
the loads on the robot’s drive motors work generated by
the components of forces and moments of resistance [19].

The article aim is to develop a mathematical model of
a vertically moving MR based on the theory of vehicle
movement as well as to study its behavior in terms of the
impact of the MR’s individual components on its spatial
position and the rate of response to various specified input
actions and disturbances with account for the angle of
inclination of the working surface and direction of the MR’s
movement.

Basic material. Synthesis of the mathematical
model of a vertically moving MR. The principal scheme
and basic properties of a vertically moving MR capable of
performing specified technological operations on large
inclined ferromagnetic surfaces are discussed in publica-
tions [20, 21]. The MR has a solid frame, two caterpillar
tracks and two drive DC motors (DCM), one for each track.
The whole structure of the MR holds onto the inclined or
vertical ferromagnetic surface with the help of two sepa-
rate flat permanent magnets, which are hinged to the
frame, providing orientation of the resultant vector of the
clamping force with regard to the ferromagnetic surface
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[15, 21, 22]. The MR is moving as the left-hand and right-
hand tracks are rotated by the driving wheels. In turn, the
driving wheels are actuated by the drive DCMs, which are
connected to the wheels through gear units.

The process of modeling of the MR requires a thorough
consideration of its main units and components [10, 11].
Let us render the mathematical models of the main ele-
ments of the MR below.

Drive motor model. The required rotational speed of the
driving wheels is ensured by direct control of the MR’s drive
motors. In the design shown in [21], such are DCM,
although they can be substituted with AC motors as well.
Let us describe the DCM model.

An important property of a separately excited DCM is
that the resulting moment of the forces from all the arma-
ture conductors [17-18] (dubbed as the electromagnetic
moment of the motor Mgy) is proportional to the current of
the armature I, supplied to the motor from the power
source:

Mgy =cpla (1)
where ¢y is the coefficient of proportionality. According to
the laws of electromagnetic induction in a conductor mov-
ing in a magnetic field there arises an electromotive force
(EMF). The total EMF of the armature coils E is applied
through the commutator and brushes to the external ter-
minals of the motor. At the motor operation the EMF is
directed against the external voltage Ux supplied to the
armature from the power source. The EMF is directly pro-
portional to the angular speed of the motor’s shaft rotation
We:

E =crog , (2)
where ¢ is the coefficient of proportionality of the motor’s
constant EMF. Due to the nature of electromagnetic phe-
nomena in the DC motor, the coefficients ¢: and ¢y are to
have approximately equal numerical values if the SI system
is used.

In the motor’s armature circuit the current I, flows un-
der the impact of the DC voltage U, of the power source and
the counter-EMF of the motor. This circuit is characterized
by the active resistance Ry and the inductance L, of the
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armature winding. Having the moment of inertia J,, the
rotating rotor is driven by the simultaneous action of the
electromagnetic moment of the motor Mgy and the mo-
ment of resistance to external forces My applied to the
motor shaft.

The output differential equations for the DCM are
drawn up on the basis of the laws of physics. The Kirchhoff's
second law is applied for the electric circuit to compose the
following equation:

dI,

I

where Rylx characterizes the voltage drop on the active
resistance of the armature circuit in accordance with the
Ohm'’s law, and La(dly/dt) indicates the self-induced EMF
that occurs in the winding when changing the armature
current. This equation does not take into account the volt-
age drop on the brushes, which depends on the armature
current nonlinearly but commonly has a relatively small
value compared to the voltage Uy.

The differential equation describing the processes in the
mechanical part of the motor is composed using the New-
ton’s second law:

do
] E
A dt

—— =Mgy —Mgy. 4)

This equation ignores the impact of frictional forces that
emerge during the rotor’s rotation but have a relatively
weak effect on the DCM shaft acceleration.

Using the above formulas and reducing the differential
equations to the Cauchy normal form, we obtain the fol-
lowing description of the DCM:

dIA _ UA _RAIA —Cp g |

>

dt L, 5
dog _ cyl, —Mg,
dt I,

When studying the processes with the help of a person-
al computer (PC), it is convenient to use a structural repre-
sentation of the DCM’s mathematical model. For that end,
let us subject the previously obtained system of linear
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differential equations to Laplace transformation under zero
initial conditions. The resulting system of algebraic equa-
tions is as follows:

U, (p)—R,I,(p)—c.o(p) .
L, ’
cyl, (p)— Mgy (p)
J, '

pl,(p) =

pog (p) =

where p is the Laplace operator, while the quantities
la(p), we(p), Ua(p), Msu(p) are Laplace representations of the
variables I, w, Ux and Mg, respectively. After equivalent
transformations, these equations acquire the following
form:

U, (p)—cpop(p) .

= T

(7)

cvla (P) — Mgy (p)
JAD

op(p) = (8)

where T¢ = Ly/Ry is the electromagnetic time constant
of the motor’s armature circuit.

Gear unit model. If the operating device (OD) of the sys-
tem is directly connected to the motor’s shaft, analysis of
the motion of the electromechanical system “motor —
operating device” can utilize equation (4). Such a kinemat-
ic diagram is typical for fans, pumps and a number of other
machines [17]. However, in our case, the operating device
of the system (driving wheel) is connected to the motor’s
shaft through the gear system, namely, through the gear
unit. Therefore, an immediate use of equation (4) is impos-
sible, since the moments Mgy and Msy are applied to differ-
ent shafts, and inertial masses rotate at different speeds.

To enable the use of the equation of motion, one has to
solve the problem of reducing all the moments of resistance
and inertia of individual kinematic links to one shaft, usual-
ly to the shaft of the electric motor. This reduction is only a
calculating operation and does not require any physical
changes in the system. The principle of moment reduction
is to preserve the equivalence of power. The reduction of
the moments of inertia follows the principle of kinetic
energy conservation [17].
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As a rule, if the machine’s OD is connected to the mo-
tor’s shaft via a gear unit (Fig. 1, a) with the gear ratio kg,
reducing the actual moment of resistance Msu applied to
the driving wheel to the motor shaft requires compliance
with the equivalence of power [17]:

on
M _f_ kg
\
M., —
EM — U}“_-
i (0]D]
7
— My

a)

M, 0O, =M

MSM "W ®

)

SM YYE ?
where Mysy is the moment of resistance to motion (herein-
after referred to as its static moment); ww is the anqular
speed of the driving wheel.

Iy
O
M \f RP q:I
M

EM M SM

b)

Fig. 1. Reduction of the moments of resistance to the shaft of the motor (M): a — actual kinematic diagram of the motor’s connection
to the operating device (OD) through the gear unit; b — computational diagram with the reduced part (RP)

Therefore, if one knows the static moment on the shaft
of the operating device, one can calculate the static mo-
ment applied to the motor’s shaft using the following
formula (not accounting for the losses in the gear unit):

_ MMSM _

M

MSM

kG

M

0 / Oy

(10)

SM

The general rule here is that in order to reduce a static
moment to the motor’s shaft, one divides the actual static
moment on the OD’s shaft by the gear ratio. If it is neces-
sary to take into account the losses in the gear unit, the
coefficient of transmission efficiency should also be includ-
ed to the denominator (10).

Thus, the first transfer function of the gear unit takes
the following form:

o (p) -k

WGl(p) = o (p)

(1m)

G-

To reduce the moment of inertia of the driving wheel J
to the motor’s shaft, it is necessary to preserve the equality
of kinetic energies
JRM('OZE

2

2
(DW=

2

J

W

: (12)
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where Jpy is the moment of inertia reduced to the motor’s
shaft.

Consequently, the OD’s moment of inertia reduced to
the motor’s shaft is calculated according to the formula:

JW

RM — 72 °
kg

T (13)

The general rule here is that in order to reduce the mo-
ment of inertia to the motor’s shaft, the actual moment of
inertia of the kinematic link is to be divided by the squared
gear ratio.

Hence, the second transfer function of the gear unit is
as follows:

Jw (D)

ey
Jen (P)

W, (p) =

(14)

As a result of reducing the static moment and the mo-
ment of inertia to the motor’s shaft, the actual kinematic
diagram transforms into the computational one (Fig. 1, b),
which enables using the modified equation of motion of
the electric drive:

do dog

M,,, —M —sz—tE:(JA +JRM)T.

(15)

EM SM
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MR model. Development of MRs’ models which would
fit various designs usually considers its main operating
device [17]. In our case, the main operating device of the

a)
Fig. 2. Schematic design of the MR: the driving wheel with a part of the caterpillar track at its movement along an inclined surface
(a) and a generalized diagram of the tracked MR movement (b)

Let us compose the equation of moments on the DCM’s

shaft:
My =Mpe + Mg + My, (16)

where My is the dynamic moment of the DCM, Moz =
Jsedwe/dt, with Jg being the total moment of inertia of the
motor; Mwe is the motor's operating moment
(torque) transmitted to the gear unit; My is the moment
of friction forces in the motor's bearings, Muse = Kusewe,
with kst being the coefficient of friction in the motor's
bearings.

The equation of moments on the wheel at its rotational
motion can be drawn up as follows:
=M

+M +M

DW MSW W (17)

where My is the total mechanical moment on the driv-
ing wheel, My = Muwek, with ke being the gear ratio; Mow is
the dynamic moment of the wheel, Mow = Jswdww/dt, with
Jsw being the total moment of inertia of the wheel and
caterpillar track and ww being the anqular speed of the
wheel’s rotation; My is the wheel’s operating moment
(torque) transmitted to the caterpillar track; Mysw is the

moment of friction forces in the wheel’s bearings,

MR is its driving wheels (gears) rotating the caterpillar
tracks, which leads to the movement of the entire MR along
the inclined surface (Fig. 2, a).

Vrz VTI

I'Mr

b

Musw = kuswoow, with ksw being the coefficient of friction in
the wheel’s bearings.

Let us consider the rotational-translational motion of
the MR’s driving wheel (Fig. 2). The mechanical moment on
the operating wheel My can be described as

M,, =F;R

W (18)

W W

where Ry is the radius of the operating wheel; Fy is the
force that is applied at the top of the wheel to rotate it
around the point 0' of its contact with the working surface
(Flg 2, a), FW = Mw/Rw.

Fig. 2, a also allows determining the operating moment
of the wheel M'y created by the force Fy relative to the
point 0":

(19)

Let us compose an equation of moments on the wheel
at its progressive rotation:

(20)
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where Msy; is the total mechanical moment of the MR's
motion resistance force, Msys = FsusRw, with Fsys being the
MR’s motion resistance force.

The latter (Fsy) is calculated as follows for each cater-
pillar track:

E

4 _SMMR +F_L’
2 2

FDMR

(21)

Fous = Foug +

where Fqys is the resistance force generated by the force by
gravity, Fous is the dynamic resistance force; Foug is the MR's
rotation resistance force; F is the force of the loading arising
when a technological operation is performed, F, = var.

Next, let us compose the expressions for each compo-
nent of the MR’s motion resistance force:

F, . .
Foo =7GS1110LCOS(pMR :Msmacosmm, (22)
dv,
Four = Myg d]:m s (23)
M
Four = %a (24)
MR

where my is the mass of the MR; Mg is the moment of the
MR's resistance to rotation; ryg is the arm of the force Foyy rela-
tive to the MR's center; Vg is the MR’s linear speed; ais the angle
of the inclined surface; @ is the route (course) of the MR (it is
assumed that at gvs = 0, the robot is moving upward along the
inclined plane); g is the acceleration of gravity.

In turn, the moment of the MR's resistance to rotation
Mswwir can be expressed as follows:

where My is the dynamic moment of resistance to rotation;
Mgz is the moment of friction forces.
Let us consider each component of Msuws Separately:

doyg
dt

Mg, = kFR(DMR >

Mpr =t

; (26)
(27)

where Jyg is the moment of inertia of the MR; ws is the
angular speed of the MR; ke is the coefficient of friction at
rotation.

Let us compile the equation of interrelation of the kin-
ematic parameters of the MR, taking into account [13, 22]
and Fig. 2, b:

_ O

(DW - k > (28)

G
Vi =0y Ry, (29)
Vi, =0y,Ry, (30)
Vi = Vi ';VTz , (31)

V., =V

Opr = Tlr—ns (32)

MR

d

Opr :%’ (33)

where Vr; and Vr, are the linear speeds of the lefthand and
righthand caterpillar tracks of the MR; ww: and ww, are the
angular speeds of the driving wheels of the MR.

Accordingly, taking into account expressions (16)—
(27), let us compose the equation of the mathematical
model for the MR's first caterpillar track:

MSMMR =Mpp + Mg, (25)
do 1 do
M =] EL + Koysp Op; + —[J Y1+ k Oy, +
EM1 IE dt MSE El kG IwW dt MSW w1
R dv do 1 (34)
+ W[mMR(gsinoLcosq;MR+ MR+ F, + (Jyr MR+ K pr @ g ) J]
4 dt RVEY

The equation for the second track has the same form:

do,, 1 do
My, = Jse TL+kMSE0‘)E2 +E(sz
R . dv
+ 4W (mMR(g51nac05(pMR+ d';“‘)+FL-¢—(JMR

2 4+ k
dt

MSW(DWZ +

65)
deR +kFR('0MR) 1 j]
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The obtained mathematical dependencies (34)-
(35) represent the mathematical model of the MR for mov-
ing over inclined surfaces.

Simulation results. Simulation of the obtained equa-
tions of the MR’s individual elements and the whole MR
employs the structural modeling method. Within this
framework, the MR (equations (28) — (35)), the DCM (equa-
tions (7) and (8)), and the gear unit (equations (11) and
(14)) are regarded as individual elements combined into a
single reference structural scheme for the simulation of the
MR's spatial motion. Table 1 provides a list of the MR's basic
parameters which have been set in order to perform the
simulation and obtain the initial dependencies of the MR's
essential technological parameters on time.

Table 1.
Basic parameters of the MR

Loaded weight, myg, kg 300
Length, Ly, m 1
Wldth, SMR, m 0.7
Wheel radius, Ry, m 0.3
Wheel weight, my, kg 10
(aterpillar track weight, my, kg 30
Height (thickness) of the caterpillar tape, hr, m 0.015
Linear speed, Vg, m/s 0.3

Calculation of motor parameters for modeling. As noted
above, each track is equipped with a motor 2PB132MG;
parameters of the DC motors are given in [18]. The quanti-
ties indicated there are as follows: Py is the nominal (rat-
ed) power of the DCM, 1.1 kW; n is the nominal rotational
speed, 800 rpm; Uy is the nominal supply voltage, 220 V;
Iy— is the nominal current of the armature, 7.46 A; Ry is the
resistance of the armature winding, 2.44 Ohm; Ry is the
resistance of the additional poles winding, 1.53 Ohm; J is
the moment of inertia of the armature, 0.038 kg-m? Ly is
the inductance of the armature circuit, 0.055 H. The electric
motor’s parameters shall be calculated using the approxi-
mate methodology described in papers [18, 23].

Taking into account the technical characteristics, the
nominal electromagnetic moment of each motor Mewy is
calculated as follows:

P
_ Iy
Mgmn =—
N

(36)
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where wy is the nominal angular speed of the motor’s
shaft rotation, wy = 2mn/60, rad/s.

Hence, the coefficient of proportionality cu can be cal-
culated from expression (1):

_ Meun

(37)

C
M
IN

Next, let us compose the equation of the coefficient of
proportionality of the constant EMF of the motor using
(2) and (3):

E _ Un —(Ry +Ryp)Iy
oy '

Cg =

(38)

(N

The electromagnetic time constant of the motor’s ar-
mature circuit 7 can be determined as follows:

_ LA
R, +R,p

(39)

T

The gear unit parameters. In order to decrease the load
on the motor’s shaft and reduce the rotational speed of the
driving wheel, each DCM is equipped with an identical gear
unit. The main parameters of the latter (1Ts3U — 160) are
the following: ke is the gear ratio, ks = 80; T, is the permis-
sible torque (rotating moment) on the output shaft, T, =
1250 Nm.

Calculation of the moments of inertia for the MR’s rotat-
ing parts. Specification of the moments of inertia of geo-
metrically complex bodies (the driving wheels, caterpillar
tracks and the MR in general) is associated with a high
complexity of the required calculation procedures and the
need for experimental measurements [18, 23]. Thus, we
shall determine these values approximatively, using the
formulas for calculating the moments of inertia for geomet-
rically simple bodies, particularly: a disk and a ring with a
rectangular cross section.

On that account, the moment of inertia of the driving
wheel Jy is calculated as follows:

2
Jo = my Ry
w 5
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where my is the driving wheel’s mass, Ry is the driving
wheel’s radius.

Using the known value of the MR’s length Ly, one can
estimate the caterpillar track’s total length Ly in the follow-
ing way:

Ly =2(Lyg —2Ry )+27R . (41)

Next, let us calculate the moment of inertia for one cat-
erpillar track, Jr:

2
Jr =mpg R%v +h_T
2 O

2

+RWhTJ+mTT£ﬁ\] . (42)

where my is the mass of the track’s rotating part, mp =
(2nRw/Ly)my; mry is the mass of the track’s linearly moving
part, mr= m; — mp; myis the mass of the whole track; Vr is
the linear speed of the track, assuming that Vi = Vug; W is
the angular speed of the wheel, wyw=V:/Rw.

Finally, the total moment of inertia of the wheel and
the caterpillar tracks Jsw can be calculated as follows:

Tow =21y + 11

(43)

Vg, m/s
04

0.3

0.2

0.1

0

The moment of inertia of the MR relative to its center
axis shall be approximately calculated with the help of
formula (44):

(44)

where ry is the minimum radius of the MR’s rotation (with
opposite connection of back-to-back running motors),
assuming that rvg = Swe/2.

Using the obtained parameters of the MR, a simulation
model has been compiled for computer modeling of the
transient processes of the MR’s essential technological
parameters, which are shown in Fig. 3-6 (in this case, the
transient process is the system’s response to the input
stepwise signal by the corresponding parameter).

Fig. 3 clearly indicates how the MR’s linear velocity at
the supply voltage of 220 V on both actuators depends on
the angle of inclination of the working ferromagnetic sur-
face. When the angle increases from 0 to 90°, the resulting
speed decreases due to the load increase generated by
gravity. When a = 270°, the robot moves downwards,
respectively, the gravitational force facilitates the MR’s
movement, thus making its resulting speed higher than in
the previous cases (line 4in Fig. 3).

0 0.05

0.1 t, s

Fig. 3. Change in the MR’s linear speed for different values of the angle a:
l1-a=0%2-a=45%3-a=90%4—-a=270°

Fig. 4 shows that for a = 60° and DCM supply voltage of
220V, with introduction of the load (such as that generated
by the technological operation of cleaning at the simulation
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time of 1 second), the steady-state speed decreases after
the transient process and does not return to the previous
value.



#23(2018)

LA L LR L] ]
LA L L L L]
[ ZXT T Y]
LA L L L L L2 J
sesssnee
(AL LR Y]]

The robot’s rotation to change its course — the @wg an-
gle —is carried out by changing the supply voltage on each
of the drive motors. At that, the linear speed of the whole

Vg, m/s

0.32

0.3

0.28

0.26

0.24
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MR’s movement also changes. The changes in the @wz and
Vs coordinates for different values of DCM supply voltage
are shown in Fig. 5 and 6, respectively.

0.85 09 0.95

1

1.05 1.1 1.15 t,s

Fig. 4. Change in the linear speed of movement for different values of load:
T—=2kN;2—-3kN;3-4kN;4-5kN

Owmr, Tad
0‘25 - T T T

02r

0.15~-

0.1r

0.05+

0

0 0.1 0.2 0.3 0.4

0.5 0.6 0.7 0.8 09 s

Fig. 5. Change in the MR'’s angle of rotation at the following modulus difference in the DCM supply voltages AU, .:
1-AUn=0V:2-AU»=20V:3-AU1» =40V:4- AU, =60V

Fig. 5 attests to the linearity of the dependencies of the
MR’s angle of rotation on the difference between the DCM
supply voltages for a = 60°, simulation time of 0.5 seconds
and the load of 2 kN generated by the technological
equipment. In this case, the latter does not affect the de-
pendency.

Fig. 6 shows the effect of the difference in the supply
voltages of the two DC motors on the MR’s linear speed at a
= 60°, the load of 2 kN, generated by the technological
equipment, and the simulation time of 0.5 seconds. Name-
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ly, as this difference increases, the MR’s speed decreases.
Introduction of the load does not alter the nature of the
speed’s decrease.

Fig. 3-6 prove that the results obtained for the nature of
the change of the MR’s essential technological parameters
under these conditions correspond to the actual ones. In
future, it is appropriate to consider the synthesis of the
system for monitoring and automatic control of the MR's
spatial movement along an inclined working surface.
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Vg, m/s
04 [ T T

0351

03+

025+

0.2+

0.15 1

0.1

0.05

0 0.1 0.2 0.3 0.4

0.5 0.6 0.7 0.8 09 ts

Fig. 6. Change in the MR’s linear speed at the following modulus difference in the DCM supply voltages AU .:
1-AUn=0V:2-AU»=20V:3-AU1> =40V;4- AU, =60V

CONCLUSION

The article presents the procedure of synthesis of the
mathematical models of the entire MR and its individual
components taking into account the special features of the
MR’s structural design. Also, the results of MR’s model
study via computer modeling in terms of the influence of
the MR's individual components on its spatial position and
the rate of response to particular input actions are shown
with account for the angle of inclination of the working
surface and the direction of the MR’s movement.

The mathematical model has been developed with the
application of the mathematical apparatus of the theory of
vehicle movement and load reduction to drive motor’s
shafts. The model enables studying the behavior of the
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