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XepCOHChKHI HAalllOHAJILHUN TEXHIYHUH YHIBEpCUTET
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Poboma npooosaicye docniodcents KiacuuHo2o NPUHYUNY CMUCKAIOY020 BI000OPAN’CEHHS.
Llet npunyun mae 4qucieHHi MmeopemuyHi ma HNPAKMUYHi 3ACMOCYBAHHA V PI3HOMAHIMHUX
obnacmsax mamemamuxy. Ompumani pe3yibmamu 6Ka3yI0Ms HA me, Wo KIACUYHI pe3yabmamu
MOJHCHA PO3NOBCIOOUMU HA 8UNAOOK OEKLIbKOX Onepamopie, Maroyu Ha y8asi iCHY8AHHS CNIIbHOL
0114 Hux mouku. Kpim moezo, 6 okpemux sunaoxkax, ymogy mozo, w0 onepamop nosuxen pooumu
cmuckaroue 8i000padiceHHs, MOdCHaA ocaadbumu. s yboeo 1020 00CMamubo po3oumu Ha
0eKiibKka NpoCmux onepamopie i wyKkamu CniibHy mouky yux onepamopie. 3okpema, y pooomi
0ogedeHa meopema Npo ICHY8AHHS CHIILHOI MOYKU 080X ONepamopis, wjo 6i000Opaxicarmo
NOBHULL MempuuHuli npocmip Ha cebe. Ilpu yvomy, Mmixc obpazamu, wo Cmeoproms yi
onepamopu, MNOBUHHO BUKOHYBAMUCL NeBHe CNIBGIOHOWIEHHS, sAKe aHAN02iuHe  YMOS8I
CMUCKAIO4020 8I000paxdcents. Anano2iunuii pe3yromam 6CMaHo81eHo i 01 8UNAOKY, KOJIU MidC
obpazamu onepamopis UKOHYEMbCA YMOBA, NPOMUNIEHCHA YMOBI CIMUCKAI0Y020 8I1000PANCEHHS.

Kniouosi cnosa: mempuunuii npocmip, onepamop, cmuckaroue 8i000pajicents, Hepyxoma
mouyKa onepamopa.

B.1. KY3bMH1Y

XepCOHCKUN rOCYJapCTBEHHBIN YHUBEPCUTET

H.1. BAJIBKO, I1.H. BAJIBKO, T.A. IKOBEHKO
XepCOHCKHUM HALIMOHAIIbHBIN TEXHUYECKU YHUBEPCUTET

OB OBIIEN TOYKE OIIEPATOPOB

Paboma npooonscaem  uccreooganusi  KIACCUYECKO20  NPUHYUNG — CHCUMAIOWE2O
omoobpadicenusi. ImMom NPUHYUN umeenm MHO2OYUCIEHHbIe MmeopemuyecKue U NpaKkmudecKue
NPUMEHeHUs 8 PA3IUYHBIX obaacmax mamemamuku. Tlonyuennvle pe3yrbmamsl yKa3vléaom Ha
mo, umo KlaccuyecKue pesyibmamsl MONCHO PACHPOCMPAHUMb HA CAVY4AU HECKONIbKUX
onepamopos, umes 8 8udy cyujecmseosanue ooweu 0a Hux mouku. Kpome mozo, 6 omoenvHuix
CYUAsX, YCI08Ue MO0, YN0 ONepamop 00NHCeH 0ellamb CHCUMAaroujee 0moopadicenue, MONCHO
ocnabume. [{na smoeo e20 00CmamouyHo pasdums HA HECKOIbKO NPOCMbIX ONepamopos u
uckams 0Owue MOYKU SMUX onepamopos. B uacmmocmu, 6 pabome odoxazana meopema o
cywecmeosanuu oowjeli MouyKku 08yX Onepamopos, Oompadxcaouwjue NnoIHOe MempuiecKoe
npocmpancmeo Ha cebs. Ilpu smom medncdy obpazamu, Komopbvle co30awm 3mu Onepamopbl,
OO0JIICHO  BLINONIHAMBCA ONpeOeleHHOe COOMHOUleHUe, AHANOSUYHOE YCIOBUID CHCUMATOUe20
omoobpadicenus. AHANOCUYHDBLI pe3yTbmam YCMAaHo8IeH U OJis CyYds, Ko2oa mexicdy obpazamu
onepamopo8  BbINOJHAEMCA  YCI08Ue,  NPOMUBONONIONCHOE — VCIOBUIO  CHCUMAIOUe20
omoopasiceHusl.

Kniouesvie  cnosa:  mempuueckoe — npocmpamcmeo, — onepamop,  cocumarouee
omoobpadicerue, HeNOOBUNCHASL MOYKA ONEPAMopd.
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ABOUT THE GENERAL POINT OF OPERATORS

The work continues the study of the classical principle of contraction mapping. This
principle has numerous theoretical and practical applications in various fields of mathematics.
The results obtained indicate that classical results can be extended to the case of several
operators, bearing in mind the existence of a common point for them. In addition, in some cases,
the condition that the operator must make a contraction mapping can be weakened. To do this, it
is enough to break it into several simple operators and look for common points of these
operators. In particular, we prove a theorem on the existence of a common point of two
operators that reflect a complete metric space on itself. In this case, between the images that
these operators create, a certain relationship must be satisfied, which is analogous to the
condition of the contracting mapping. A similar result is established for the case when the
condition opposite to the condition of the contracting mapping is fulfilled between the images of
the operators.

In applications of the method of successive approximation, a situation often arises when
the operator carrying out the reflection of the total space on himself does not satisfy the classical
condition for the compression operator. Sometimes you can use the inverse operator if it exists.
In some cases, this inconvenience can be bypassed by conducting certain analytical
transformations. In particular, majorant operators of contraction can be used. In the work, a
sufficient condition is established for the use of such operators to search for a fixed point of an
operator that is not a compression operator. This result can also be used in the case where the
operator is not continuous. The graphic diagrams of application of the method of successive
approximation in the above cases are presented in the work.

The results obtained in the work can be used to search for fixed points of individual
operators, which are not compression operators, but allow for their replacement by simpler
operators that or either have an inverse operator or are compression operators.

Keywords: metric space, operator, contracting map, fixed point of the operator.

IlocTanoBka npodJjemu

[ToTpebu mnpakTHYHOI MiSUTBHOCTI JIFOAWHU OOYMOBHJIM BHHHMKHEHHS CIIEIIabHUX
HAayKOBUX METOJIB, OCHOBOIO SIKMX € MaTeMaTH4Hi. MaTeMaTU4YH1 METOIH JTOCTIIHKCHHS IITUPOKO
NPOHUKAIOTh Yy Pi3HI cdepu cydacHOI HAYKH — EKOHOMIKH, (I3WKH, €KOJOrii, COII0JIOTii,
MPUKIAIHOI JIHTBICTHKHA, TMPUPOJO3HABCTBA TOINO, SKI PO3BHBAIOTHCS HaA 3JIaMi KUIBKOX
HAYKOBUX HampsMiB. BaXJIMBOI0, HEBII €MHOI0O YaCTHHOIO TaKHUX JOCHIKeHb € 00poOka
EKCIICPUMEHTAIBHUX JIaHUX 3 BHKOPHCTAHHSIM MAaTEMAaTUYHOI CTAaTUCTHKH, CTBOPCHHS
MaTEeMAaTHYHUX MOJENEH Ta X CHCTEM JUIS ONMHUCY SIBHIILl, YAHHUKIB TIEBHOTO CEpPEJOBHUINA Ta iX
B3aemonii. OgHUM 13 Hale()EeKTUBHIMIUX METOMIB MOOYJOBM MaTeMaTHYHHX MOJEICH, 0
OMHCYIOTh JUHAMIKY (i3MYHUX, XIMIYHUX, €KOJOT1YHUX, OIOJOTIYHHMX, TEXHOJOTIYHUX CHCTEM
AK MK OKPEeMHMH iX eJeMEeHTaMH, TaK 1 30BHIMIHIMH (DAaKTOpaMH CEpEeAOBHINA, B SKOMY
nepeOyBaloTh 11l €JIEMEHTH, € BUKOPUCTAHHS METO/IB Teopil AudepeHLianbHuX Ta IHTEerpalbHUX
piBHsHB. KiacHmuHUME 3a7auaMu TaKoOro THITY €, HAIPHKIIAMA, 3a7adi MpO OXOJIOKCHHS Tila,
pamioaKTUBHHUIA PO3MaJ, MOMEPEYHI KOJUBAHHS HATATHYTOI CTPYHH, IIBUAKICTH PO3ZMHOKCHHS
OakTepidd, 30UIBIIEHHS KITBKOCTI (DEpMEHTY, KOHIIEHTpAIlll0 PO3YHHY, IIBHUAKICTh XIMIYHOI
peaxiiii, IMHaMIKy YHCEIbHOCTI OMYJISAIi, TEOpito emieMid, picT JepeBa Ta JUCTS Ha HbOMY Ta
0araTo 1HIIMX.



ITPUK/IAJTHI ITHTAHHA OYHIAMEHTA/IBHI HAYKH
MATEMATHYHOI' O MOAEJTIIOBAHHA

VY 3amavyax 3HAXOKEHHS TOUHOTO a00 HAOIMKEHOTO PO3B’ 3Ky MU(EpeHIianbsHOTo a0
IHTETPAJILHOTO PIBHSHDb BAKJIMBHUM €TAIllOM € TOBEACHHS ICHYBaHHS IIbOTO pO3B’s3Ky. OgHUM 13
Haly)kKMBaHIIIMX METOJIB JOCTI/KCHHS IIMX PIBHSAHb Ha ICHYBaHHS PO3B’SI3Ky € METOJ, WIO
OMMUpAEThCsl Ha KiacuuHy Teopemy Kauuionmosuti-banaxa mpo omeparop cruckyBanHs. [leit
orepaTop € HEMEepepBHUM 1 Ma€ €IUHYy HEPYXOMY TOUKY, 3HAXOUKCHHS SIKOT MPOBOAUTHCS
MeTtosoM mocmigoBaux HaOmmkens [1, C. 605-606]. SIkmo omepaTop, sSKWii BiamoBigae
MOCTIiPKYBAaHOMY PIBHSHHIO, HE € OIEepaTopoM CTUCKYBaHHS, TO TIONMIYK PO3B'SI3KY
YCKIAIHAETHCA. 3 IHIIOTO 00Ky, mudepeHIiianpbHe a00 1HTerpaabHe PIBHSIHHSI MOKHA 3aIHCATH Y
BUTJISII PIBHOCTI JIBOX OIEPATOPiB, a MOIIYK PO3B'A3KY LIbOTO PIBHAHHS MPUBECTH 10 MOIIYKY
TOYKH, B SIKIii OOM/Ba OMEpaToOpy MPUUMAIOTh OJTHAKOBE 3HAYEHHS, TOOTO JI0 TOMIYKY CHTHHOI
TOYKH oreparopiB. OcoOIMBO 11€ 3pyUHO, SKIIO KOKEH 3 OTPUMAHHX OINEPATOPiB MPOCTIIINNA HIX
JOCJTIDKYBAHUM OTmiepaTop.

AHaJi3 OCTaHHIX JOCTiIKeHb | myOaikanii

Oneparopy CTHCKYBaHHSI HIMPOKO BHKOPUCTOBYIOTHCS B TEOpeMax IMpO ICHYBaHHS
po3B’s3KiB nudepeHIianbHuX Ta iHTerpanbHux piBHsaHb [1, C. 620-629], [2, C. 465-470].
[cHyIOTH TEOpeMH i METOAM TMONIYKY HEPYXOMHUX TOYOK OIepaTropa, siki He BUKOPHUCTOBYIOTh
ymoBu Teopemu Kauuionosui-banaxa. Ile, nanpuknaxa, npuanun layaepa [1, C. 616], Teopema
Kakyrani [1, C. 630], siky BUKOPHCTOBYIOTh y Teopii irop. OfHaK, BOHU CIpaBeIJIMBI JHUIIE Ha
KOMITAKTHUX TIPOCTOpax, Ta ICTOTHO BUKOPHUCTOBYIOTh BIJIACTUBOCTI HEMEPEpBHOCTI abo
3aMKHYTOCTI oniepatopa. ¥ pobotax [3], [4] i [5] Oynu orpumaHi yMOBH, 110 PO3IIUPIOIOTH MEXI
3aCTOCYBaHHS NMPUHIIUITY CTUCKAIOYOTO BiAOOpaKeHHS.

Meta nocJixkeHHs

Meroto 1i€i poOOTH € BU3HAYCHHSI YMOB, JOCTATHIX JJIs ICHYBaHHS CIIUTBHOT TOYKH JIBOX
OTIepaTopiB, SKi BiJOOpaXaroTh MOBHUI METPUUYHUIN NPOCTIp HA cebe, a TaKoX o0y 10Ba METOTY
MONIYKY IT1€T TOYKH.

BuxkianeHHs1 0CHOBHOI0 MaTepiay J0CTiIxKeHH

Hanani Oyznemo po3risiiaTé MOBHUM METPUUHHUE MpocTip X 3 METPUKOIO p B HBHOMY.
CrijbHOIO TOYKOIO ABOX OINEPaTOpiB U 1 v, AKi 03Ha4YeHi Ha mpocTopi X, OyJeMo Ha3uBaTH TaKy
TOYKY X* I[LOTO IPOCTOPY, B AKiii BUKOHYEThCS piBHICTh U(x™) = v(x™).

Teopema 1. Hexati onepamopu u 1 v 8idobpadxcaromes nogHuil mempudnuti npocmip X na

cebe, i 0111 onepamopa v Ha YbOMY NPOCMOpI iCHYE 0DEpHeHUll onepamop.

Axkuwo ons dosinorux movox X' i x'' npocmopy X euxomyemocs Hepienicmo

Pl ) u(x") < ap(v(x); v(x")), (1)
0e 0 < a < 1, mo icHye eouna cninbHa moyka onepamopie U1 v.

Jloeedennsn. BizbMeMo TOBIIBHY TOUKY X MPOCTOPY X 1 3HAHIEMO TOUKY X; 3 PIBHSHHS
v(x;) = u(xy). OCKiIbKK 32 YMOBOK TEOPEMH OIEpaTop v BimoOpaxae mpoctip X Ha cede i st
HBOTO iCHye OOepHEeHHWii omeparop V™!, To Taka Touka X; ICHy€, IIPUYOMY BOHA €IUHA i
3HAXOAUThCA 3a QopMmynol x; = v 1(u(xy)). Amanoriuno, 3 piBHOCTI V(X;) = u(x;)
3HAXOMMMO TOYKY X, X; = U~ 1 (u(xy)). Ilponopxkyroun Heil mpouec 10 HECKIHYEHHOCTI, 3
PIBHOCTI:

v(xn) = u(Xp-1) (2)

Oy1yeMO TOCITIIOBHICTD {X,,} TOYOK X,, = v"l(u(xn_l)), n = 1,2,.... 3 orysaay Ha piBHICTSG (2),
3 HepiBHOCTI (1) MOCTIJOBHO OTPUMYEMO:
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P(U(xz); U(x1)) = p(u(xl);u(xo)) < ap(v(xl); U(xo)),
p(v(x3);v(x2)) = p(ulaz); ulxy)) < ap(v(xz); v(xy)) < a®p(v(xy); vixg)),
P(V(xn); U(xn—1)) < an_lp(v(x1); U(xo)),

3 nMX HEPiBHOCTEH BHUILIMBAE, IO MOCITiT0BHICTL {v (X, }} € 36ikH0M0 B c00i [1, C. 606],
1, BHACIIZIOK IOBHOTH MPOCTOPY X, 30iraeThcst 0 AEAKOI TOUKH X' [OTO MPOCTOPY. 3 PIBHOCTI
(2) oTpuMyeMo, 1110 TIOCIiTOBHICTD {U (X, }} Texk 36iraeThes 10 TOUKH X'

Hexait Touka x* mpocropy X taka, mo v(x*) = x'. Toxi 3 HepiBHOCTI (1) [Ts i€l TOUKH
OTPUMAEMO HEPIBHICTB!

p(uen); u(x?) < ap(v(x,); v(x")) = ap((x,); x").

TepeiioBmy B uiil HepiBHOCTI K0 Tpanuui npu n — oo, otpumaemo: p(x’;u(x*)) <
ap(x';x") =0.
TakuM unHOM, cripaBeIuBa piBHICTE: U(x™) = x' i, oTKe, X™ - CIiIbHA TOYKA OIEPATOpPiB U i V.
€IIUHICTP ITI€T TOYKKW MOXHA OTPUMATH 3 HepiBHOCTI (1), Tak camo, K 1 MpH JTOBEICHHI TEOpEMHU
Kaugionomni-banaxa.

SIkio B ymoBu Teopemu | B SIKOCTI omepaTopa v B3STH OJUHHYHUE omepatop: v(x) = X
JU1s1 OyIb-SIKO1 TOUKH X TIpocTopy X, TO OTpEMaEMo BHUIe3rajany teopemy Kaudionomni-banaxa
PO HEPYXOMY TOYKY OINEeparopa CTHCKYBaHHsS. B I[boMy BUNQAKy omepaTop U, 3a TEOPEMOIO
Kauuionosnni-banaxa, Oyae HenmepepBHUM y KOXKHIM TOYI[ PpoCcTOpy X.

[Tpukiaax moOyIOBU MOCTIIOBHUX HAONMKEHB, Yy pasi, AKmo U = kix,v = kyx (ky <
k), noka3zanuii Ha puc. 1.

Ay
Y=k x
Y=k, x
- . N
o/ % % % X
/|

Puc. 1. CxeMa mocJaiZIoBHUX HAOJIHKEHD 10 CHIJIHLHOI TOYKH.

YMmoBa (1), B3arami kaxyuw, He OOOB'S3KOBa JJIsi ICHYBAaHHS CIIUTBHOI TOYKH JIBOX
oreparopiB. Ha 11e BKka3ye HaCTyIHUHN pe3yJsbTart.

Teopema 2. Hexail onepamopu U i v 8idobpadxcaroms nosHutl mempuuruti npocmip X Ha
cebe, i 0111 onepamopa v Ha YbOMy NPOCMOpI iCHYE 0DepHeHUll onepamop.

Axkuwo ons 0osineHux mouox X' i x'' npocmopy X euxonyemwcs nepienicme

p(ulx);ulx')) = ap(v(x’); v(x”)), (3)

de a > 1, mo icnye eouna cninbha mouxka onepamopie u i v.
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Jloeedenns. 3 HepiBHOCTI (3) BUIUIMBAE, M0 JJIA Omeparopa U Ha mpocTopi X icHYe
o0OepHeHwuii oneparop u~ 1. JlilicHO, 332 yMOBOIO TeOpEeMH 2 OIepaTop U Bigobpaxkae mpocTip X Ha
cebe. [IpumycTumo, o y ABOX pi3HUX TOYKaxX X' i x'' MpOCTOpy omeparop U mpuilMae 0THAKOBE
sHadenus: u(x’) =u(x") =x i p(x’;x'") #0. Tomi 3 mepiBHOocTi (3) A HHUX TOYOK
OTPUMAEMO:

p(ule); u@x") = p(x 0) = ap(v(); v(x™),
a6o p(v(x");v(x")) =0. Omxe, onepatop v B Toukax x' i x” Tex mpuiimMae oaHAKOBe
3HAYeHHSA, IO CYNEpEeYUTh YMOBI ICHYBaHHA OOepHEHOro ormeparopa. 3 HepiBHOCTI (3)
3HaXOJIUMO:

p(v@);v(™) < = p(ulx);ulx™), (4)

. . . 1 o
Tak sk cnpaseqmusl HepiBHOCTI 0 <-< 1, to, 3 ormsamy Ha HepiBHICTH (4), Maemo, IIO

OIIEPATOPH U i V 33/10BOJIBHIIOTh YMOBU TEOPEMH 1, TOMY [IJIsl HUX ICHY€ €/IMHA CITIJIbHA TOUKA.
SIxmo B ymoBi Teopemu 2 B sIKOCTI onepaTopa v B3sTH OJUHUYHHIA ONEpaTop, TO yMOBa
(3) nabepe BUTIIAY:

pu(x);u(x")) = ap(x’;x"). ®)

VY upomy Bunajaky, Jlema 1 po6oru [4, C. 167] € wactunaum Bunagkom Teopemu 2. HaBenemo
MIPUKJIA]] OTIepaTopa, 0 3a10BOJILHSE YMOBY (95).

IIpuxnao 1. Posrnsuemo nosHuii MeTpuunuii npoctip R [6, C. 43], Toukamu sKoro €
YIIOPSIIKOBaHI Mapy TiHCHUX 4yrcel: X (Xq; X;). Bigcrans mixk Toukamu x'(x; x5) ta x'' (x1'; xg3'

IIbOTO TIPOCTOPY O3HAYAETHCS 3a JOTMOMOroro piBHOCTI: p(x'; x"") = max; k<2 {|x;, — x}/ |3
U1 Uz

Matpuunuii oneparop u = ( ) BinoOpasae mpocTip R5 Ha cebe 3a MpaBHUIIOM:

U1 U2
u(x) = y(¥01;v,), ne y; = Ye—q Uy X (i = 1,2). Jlas toro, mo6 onepaTop u 6yB onepaTtopom
CTUCKYBaHHS, HEOOXIZHO 1 JOCTaTHBO, MI00 AJId JEAKOro Yucia X BUKOHYBAJIHUCh HEPIBHOCTI:
Yiolugl << 1 (i =1,2) [6, C. 66-67].

2 0 . ..
Omneparop u = ( 0 2) HE 33/I0BOJIbHSE BKa3aHiil BUILE YMOBI, 1 TOMY HE € OIEpaTopoM

CTHCKYBaHHs. 3 IHIIOTO OOKY, 1€l onepaTop 3aJ0BOJIbHSIE YMOBY (5), SIKIIO MOKIACTH: @ = 2 >
1. Orxe, 3a Teopemoro 2, s IBOTO OINEpaToOpa ICHYE €IWHA CHiJbHA TOYKA 3 OJMHHUYHUM
orepaTopomM, TOOTO HEpyXoMa TOUKa omeparopa u.

3HaiiiIeMo HEPYXOMY TOUYKY OolepaTopa U METOIOM IMOCIIIOBHUX HaOIMKeHb. JIJIs 11b0TO
05 0
0 05
HanpuKiIam, 3 TOUkd Xo(1;1). 3acrocyBaBiiu TOCIIAOBHO M pa3iB oOepHEHHI Oreparop, 3a
NPaBUIIOM: Xn4q = U 1(x,) (n=0,1,2,..), OTPUMAEMO MOCTIAOBHICTb {X,} TOYOK X, =
W H™(x) = W) 1(xg). Hani 6ynemo matu:

BHKOPHCTAacMO  OOEpHEHMi omepartop: U~ ! =( ) HaOnkeHHsT  po3mOYHEMO,

n n
u = (20 zon), "= (O'g 0,%")' Tenep 3HaX0IUMO €JIEMEHTH MOCITITOBHOCTI:

05" 0 \/1 0,5"
w=("0 03)(1) = (o) =12

[TepelnioBIy y il PIBHOCTI IO TPaHUIII IPH N — 00, OTpUMYyeEMO Hepyxomy Touky: x*(0; 0).
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BukopucroBytoun teopemu 1 1 2, MO)kHAa pOOUTH BHUCHOBOK MO ICHYBaHHS CIIJIBHOI
TOYKH TPHOX OTIEPATOPIB.

Hacainok 1. fkwo ons onepamopis U i v, wo 3a00801bHAIOMb YMO8U meopemu 1, abo
meopemu 2, i ona onepamopa f, wo giooopadxcac noenuil mempuunuti npocmip X Ha cebe,
BUKOHYEMbCA PIGHICTIb .

p(u@); f()) + p(f () v(x)) = p(ulx); v(x)) (6)

68 KodcHill mouyi x npocmopy X, mo onepamopu u, v i f maromo eouny cninony mouxy.

Jloseoenns. 3a Teopemoro 1 a6o 2 oneparopu U i V MarOTh €IWHY CIUIbHY TOYKY X* B
npoctopi X. To6to, cipaBeasuBa piBHicTh: U(x™) = v(x*). lns uiei Touku piBHIiCTh (6) HaOye
BUTJISTY:
p(u(x*);f(x*)) + p(f(x*); v(x*)) = p(u(x*); v(x*)), abo p(v(x*);f(x*)) =0. Tomy
crpaBeuBa piBHicTh: V(x™) = f(x*), i TOUKa x* € CIIBHOI TOYKOO omeparopis v i f, a omxe,
i oreparopiB u, v i f.

Hacnigok 1, mo aHanorii 3 BJIaCTUBICTIO TPaHUIll TPOMIXKHOI MOCIITIOBHOCTI, MOYKHA OyJ10
0 Ha3BaTH BJIACTUBICTIO CHUIBHOI TOUYKH MTPOMIKHOTO OTIEpaTopa.

Hacainox 2. fkwo onepamop cmuckysanus u i onepamop f, wo eidobpasicaromo noenuii
Mempuynutl npocmip X Ha cebe, 3a00801bHAIOMb PIBHICY.

p(uC; f(0) + p(f (x); %) = p(u(x); x) (7)

0715 6yovb-sikoi mouku x npocmopy X, mo onepamop f mae eouny nepyxomy mouxy.

Joeedenns. 1leii Hacnigok otpumyemo 3 Hacminky 1, BuOpaBmm B SIKOCTI omeparopa v
OJIMHUYHHE omepaTop: v(x) = x.

Hacnigok 2 mikaBuii TuMm, 1o omepatop f He 000B'I3k0BO MOBHHEH OyTH OMEPaTOPOM
CTHCKYBaHHs, a00 MaTu oOepHeHui omeparop. OnHak, SKIO MPUITYCTUTH HEMEPEPBHICTH
oreparopa U B HEPYXOMii TOUIli, TO MOKHA 3pOOMTH BUCHOBOK 1 PO HEMEPEPBHICTh OIepaTropa
fy it Toui.

Teopema 3. Hexaii onepamop u i onepamop f eidobpascaroms nosHuil mempuunuil
npocmip X Ha cebe. Hexail, kpim mozo, onepamop u mae Hepyxomy mouy x* y npocmopi X, i €
HenepepeHuM y Yiti modyi.

Axwo y kooicuitt mouyi npocmopy X euxonmyemocs pisnicme (1), mo onepamop f e
HenepepsHum y mouyi X*, i B0Ha € 0Jis1 HbO2O HEPYXOMOK MOUKOIO.

/oeedenna. Hexaii Touka X* € HEPYXOMOIO TOYKOIO oreparopa U. Y IbOMY BHIAAKY
Oyze BUKOHYBaTHCH piBHiCTH: u(x™) = x*. IligcraBuBIIM 1€ 3HA4YEHHS y piBHICTH (7), OymeMo
MaTH:

p(uGx); F@) + p(F() ) = p(x% F()) + p(f (x*);x7) =
= 2p(x" f(x") = p(ulx);x") = p(x*;x*) = 0.

3Bincu orpumyemo pisnicts: p(x*; f(x*)) = 0, a ue o3Hayae, WO TOUKA X* € HEPYXOMOI
TOYKOIO orepartopa f.

Jlis  1oBeleHHS HEMEepepBHOCTI omeparopa f y Todli Xx* BI3bMEMO JIOBLIBHY
HOCITIZIOBHICTD {X;,} TOYOK mpocTopy X, 10 306iraeTbest 0 TOYKH X ™. JIJist TOBUIBHOTO elieMEHTa
X, LI€T TIOCITITOBHOCTI BUKOHYETHCS PiBHICTH (7):

p(u(xn);f(xn)) + p(f(xn); xn) = p(u(xn); xn)-
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3 i€l piBHOCTI 3HAXOIUMO:

p(f ()i xn) = p(u(xn); x) — p(uCn); f () < p((xn); %)

[lepefimoBmum y 1iif HEPIBHOCTI A0 TpaHMIl MPH N — 00, i BUKOPHCTOBYIOUH HETEPEPBHICTDH
orepaTopa U B TOYIl X*, OyJ1eMo MaTH:

7Li_r)rc}op(f(xn);xn) < 7Li_r)rgop(u(xn);xn) = p(x*;x*) = 0.

Bukopucraemo HEPIBHICTH TPUKYTHUKA: p(f(xn); x*) < p(f () xp) + (s x™).
[epefimoBmy y miii HEpPIiBHOCTI 1O TPaHMLI NPH N — 00, 1 BUKOPUCTABUIM NPU IHOMY
HOTIEPETHIO HEPIBHICTD, Oy1eMO MaTH:

rlli_r)r(}op(f(xn);x*) = Tlli_rgop(f(xn);xn) + rlli_r)r(}op(xn;X*) =0.

OckinbKH BIACTAHb € HEBIJ €EMHOK BEIMYMHOI, TO OTPUMaHa HEPIBHICTh O3HAYa€e
cnpaBeuBicTy piBHocTi: lim p(f(x,);x*) = 0, a me, BHACHIZOK 301KHOCTI IMOCIIOBHOCTI
n—-0o

{x,} mo Touku x*, 03HaYa€E HeMEPEPBHICTD orepaTopa f y il TOUII.
Cyrhicte Teopemu 3 MokHa rpadiyHO TpPOJAEMOHCTpYBAaTH Ha npuknami ¢ynkuii u(x) =
kx (k > 1), ta pynxuii f(x), mo 3agoBonsHse HepiBHOCTI: X < f(x) < u(x) (puc. 2).

A JEkx (D)

I e

V=X

v
Se

Puc. 2. BaacTuBicTh ciJIbHOI TOYKH POMIi’KHOTO oneparopa.

YV 11b0My BHIAJIKy, 32 METPUKOIO IpocTopy RY, piBHicTh (7) Oye MaTH BUTIISL:

p(u); £(x)) + p(f () %) = |kx — FQ)| + |f(x) — x| = [kx — x| = p(u(x); x).

TakuM 4yuHOM, piBHICTH (7) BHKOHYEThCH, 1 omke Gynkuis f(x) mae, sk i QyHKIis

u(x) = kx, uepyxomy touky x = 0.
BucHoBku

[Ipu pocmimxeHH] ICHYBaHHS PO3B’SI3Ky MU(EpEHINIAIBHUX Ta IHTETPAIBHUX PIBHIHB
BIJIMOBIJTHI ONEpaTOpH, y BHUIAJAKY, SKIIO BOHM HE € OINEpaTopaMH CTUCKYBAaHHS, MOXHA
po30MBaTH Ha JEKUIbKa OUIBII MPOCTUX OMEPaTOpPiB 1 NIYKATH IXHIO CHUTBHY TOYKY. SIKIO
oreparop f He € HemepepBHUM 1 He Mae OOCPHEHOTrO, TO MOXKHA IIYKATH TaKHi OmepaTrop
CTUCKYBaHHS U, 00 BOHU OOMJBa 3aJ0BOJIBHSUTM PiBHICTH (6), a TOTIM IIYKaTH HEPYXOMY
TOuKy ornepatopa u. 3a Hacmigkom 1 1 Touka Oyae HEpyXoOMO TOUKOO oreparopa f.



ITPUK/IAJTHI ITHTAHHA OYHIAMEHTA/IBHI HAYKH
MATEMATHYHOI O MOAEJIIOBAHHA

VY nopanbmoMy BaXJIMBO, BUKOPUCTOBYIOUH PE3yJbTaTH POOOTH, OTPUMATH HOBI YMOBHU

ICHYBaHHS 1 €IWUHOCTI PO3B’S3KIB KOHKPETHHUX THMIB AUGEpEHIliaIbHUX Ta IHTETPATbHUX
PIBHSIHB.

N
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