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The free fluid vibrations in the shells of revolution having cylindrical and conical parts
are considered. To simulation the region occupied by the fluid, a mathematical model is
developed based on the following hypotheses: the fluid is incompressible and inviscid, and its
motion, caused by shell oscillations-potential, the only small oscillations are considered. In the
course of the work, a mixed boundary-value problem is formulated for the Laplace equation. The
modes decomposition method is applied. The problem is reduced for the solving of the system of
singular integral equations. In the course of the solution, it was revealed that the kernels of
integral equations contain complete elliptic integrals of the first and second kind. An elliptic
integral of the second kind is calculated using Gauss's standard quadrature formula. For an
elliptic integral of the first kind, an approach based on the characteristic property of the
arithmetic mean AGM is used. To solve outer integrals, special Gaussian quadrature formulas
are applied. The developed method is applied further for the analysis of free vibrations of shell
structures. The boundary element method is applied in a straightforward form. At the first stage,
a necessary number of boundary elements is determined to find the eigenfrequencies with a
given accuracy. The frequencies and forms of fluid oscillations in a compound cylindrical-
conical shell are determined. A comparison is made between the frequencies of axisymmetric
fluid vibrations in a cylindrical shell obtained using by the method and the analytical formula
developed in this work. Also, the values of the first seven vibration frequencies of composite
shells are given for different lengths of the cylindrical part. The analysis is made of the effect of
overloads on the vibration frequencies of composite shells.

Key words: composite shells of rotation, ideal incompressible fluid, method of the finite
elements, method of the boundary elements, frequencies and forms of the oscillations, free
vibrations of a liquid, composite shells of the revolution, singular integral equations.

ITocTanoBKa nMpo0dJieMbI

I'epmeTnunbie  00ONMOYEYHBIE KOHCTPYKIIUU Ui XpaHEHUS U  TPaHCHOPTUPOBKH
JKUJKOCTH SIBJISTFOTCSI TIPEIMETOM MHTEHCHUBHBIX HMCCIEIOBAaHUN B TedeHHE mocieaHux S50 mer.
Bonbiioe KonM4ecTBO pa3IMUHbIX THIIOB MOJEIBHBIX TECTOBBIX 33/1a4 PACCMOTPEHO U PELIECHO B
nocienHee aecarunetve. MccienoBanue CcBOOOMHBIX KOJIEOAHHWHM JKHIKOCTM B COCTaBHBIX
000JI09KaX BpaIICHUS MTPEICTABISIET OONBIION MPAKTHIECKHUI HHTEPEC.

AHaJM3 NOCJIeTHUX UCCIAeAOBAHNN U MyOJTUKAUI

AHann3 UCCIIeIOBaHMA, TOCBSIICHHBIX MTPOOIeMaM IJIECKAaHUS )KHUIKOCTH B pe3epByapax,
nan B paborax R.A. Ibrahim's [1-2]. OO6omoukaM, COCTOSIIMM U3 IWIHHAPHYCCKUX U
KOHMYECKHUX YacTel, B HAyYHOH JUTEpaType yAeeHO MEHbIIIee BHUMaHWEe, HECMOTPS Ha TO, YTO
TaKHe TOHKOCTEHHBIE KOHCTPYKIIUU IIIUPOKO MCTIONB3YIOTCS B PA3HBIX OTpacisix TeXHUKH. O030p
HCCIICIOBaHUN IO 3TOM TeMme [2—3] moka3bIBaeT, 4TO OOJBINOE BIUSHUE HA JTHHAMHYCCKOC
MOBEJICHWE KOHCTPYKIIMM C JKUJIKOCTBIO OKa3bIBAIOT BHOpalWy yIOpyrux CTEHOK U
B3aUMOJICCTBUE C TUICIIYIICHCS >KUAKOCThIO. CBOOOIHBIE M BBIHYXIACHHBIC KOJIeOaHUS
IIMHAPHUYECKUX PE3EPBYApPOB C KUAKOCTHIO PACCMOTpPEHBI B padorax [4-5]. OTmeTnm, 4TO B
OOJNBIIMHCTBE HCCIICOBAaHUI HE YYUTHIBACTCS BIUSHUE CHJIBI TSDKECTH, BBI3BIBAIOIICH
IJIECKAHUS.

Mean uccaenoBanus

IlocTranoBka 3agauu. B 3Tol cTaThe paccMOTpeHa 3ajada O KOJICOAHHSIX KUIKOCTH B
coctaBHOM o0Oosouke BpamieHus. [Ipenmomaraercs, 4To 00OJOYKA MOXET COCTOSTH U3
MUJTUHIAPUYECKOW W KOHWYeCKOW 4dacte. (OO003HaUYMM CMOYEHHYIO 4YacTh ITOBEPXHOCTH
o0omoukn Si, a CcBOOOIHYIO TOBEPXHOCTh Sp. IIpeamonoxum, YTO JeKapToBa CHUCTEMa
koopauHat OXYZ cBs3aHa ¢ OO0OJIOYKOM, CBOOOJHAsT MOBEPXHOCTh COBHAAACT C IIJIOCKOCTHIO
z=H =H, +H, B cocrosnuu nokos (puc.1).
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Jlis MonienupoBaHus 00JIaCTH, 3aHATON XKHUIKOH cpenoil, pa3paboTaHa MaTeMaTH4ecKas
MOJIeNIb, OCHOBaHHas Ha CICAYIOIIUX THIIOTE3aX: JKUAKOCTh SBISETCS HEC)KUMAEMOH u
HEBSI3KOM, IBUKCHHE KHUIKOCTH O€3BUXpEBOE, HEOOXOIUMO paccMaTpUBaTh TOJBKO Majbie
KojeOanust (uHelHas Teopusi). [loaToMy MOXKHO BBECTH CKaJSPHBIM MOTEHIIMAT CKOPOCTEH

<I)(X, Yy, Z, t), YAOBJIETBOPAIOIINN ypaBHEHUIO Jlamaca.

-

Puc. 1. O00/104KkH BpaleHHus € ;KHIAKOCTHIO U GopMBbI KoJ1e0aHuii cBOOOTHOI
MOBEPXHOCTH.

JlaBieHue XKUAKOCTH P = p(x, Yy, Z, t), JICUCTBYIOIIEE HA CMOYEHHOM IOBEPXHOCTH,
MOJTYYCHO U3 JIMTHEAPU30BAaHHOTO YpaBHEHUsI bepHyuH 711 MOTEHITMAIbHOTO TIOTOKA!
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IUIOTHOCTh JKUIKOCTH, P, U P, — CTaTudecKas U JUHAMUYECKAas KOMIIOHEHTBI JaBJICHUs

KUAKOCTH, P,— arMochepHOoe naBIeHueE.

Ha cB0OOIHOIM TMOBEPXHOCTH >KHAKOCTH JOJKHBI OBITH YIOBJIETBOPEHBI CIICTYIOIIHE
TPAHUYHBIC YCIIOBUS:
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Oynkums ¢ 31ech OMUChIBaeT GopMy M MOJOKEHUE CBOOOIHOM MOBEpPXHOCTU. TakuM 00pa3oM,
JUI IOTEHIIMAJa UMEEM CIEAYIOLIYI0 KpPaeByIO 3a1auy.
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371ech N — BHEILIHSAS €IMHUYHAS HOPMaJIb K paCCMAaTPUBAEMOM MOBEPXHOCTH.
Jlist  BBITIOJIHEHHWS YCIIOBUH pPa3pelIuMOCTH KpaeBOH 3aJadud HEOOXOJWMO TaKXKe
YAOBJIETBOPUTH yciaoBUIO Helimana:
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j—ds 0.

Takum oOpazom, chopMynupoBaHa CMelIaHHAs KpaeBas 3ajava Juisi ypaBHeHus Jlamaca.
H3n0:%eHUs OCHOBHOT0 MaTepHuaJia UCCIae10BAHUS
1. Metoa 3agaHHbIX ()OPM U CHCTEMA TPAHUYHBIX HHTErPaAJIbHBIX YPABHEHUI
PaccmoTrpum norennman @ B BUIE CIEAYIOLIETO PAAA:

M .
¢ = Z d, (t)(Pk
k=1

YroObl onpenenuts GyHKUHUU @, , UCIIOJIb3YEM METOJ I'PAaHUYHBIX JEMEHTOB B MPSMON
dopmynrpoBke. Onyckast uHACKC K, 3amuiiieM OCHOBHOE MHTETPaIbHOE COOTHOIICHHE B (hopme

[6]:
o 1
2Ry ”q|P P _LI(P%|P—PO|dS’

rie S = S3USp; toukm P um Py mpuramnexxatr moepxHoctu S. Uepes |P - Po| 0003HaYNM
JIEKapTOBO paccTosiHuEe Mexay Toukamu P u Po. @yHKIMS ¢, onpenereHHas Ha MOBEPXHOCTH
S1, mpexacraBiseT coOoi 1aBJIeHNE HA CMOUEHHOM TTOBEPXHOCTH, a GYHKIHUS (, OTIpe/ieIeHHas Ha

So, — 910 moTok. C UCIOIB30BaHUEM TPAHUYHBIX YCIOBUI MPUXOJUM K CHCTEME CHHTYIISIPHBIX
MHTErpalIbHBIX YpaBHEHUH B opme, pecTaBiaeHHoM B [3]:

2ﬁ¢l+ﬂ¢l U ﬂqoo Las, + jj(po U ~0,
o 7)o 2 oo

@)

31ech @, — 3HaYECHUs MOTEHIMAaNla Ha HOBEPXHOCTHU So.

UucneHHoe pelIeHHe MOJTYYEHHON CHUCTEMbl CHUHTYJISIPHBIX HHTErPajIbHBIX ypaBHEHHI
OCYILIECTBJIEHO METOJIOM TPaHMYHBIX 3JeMEeHTOB. B [3] mokaszaHo, 4TO sigpa WHTErpaibHbIX
YpaBHEHUN COJEpKAT TOJIHBIE JJUIMNTHYECKUE HUHTerpaibl l-ro m 2-ro poma. Tak kak
SJUTMNITHYECKUN MHTETpaJl 2-TO POJia MPEACTABISET COO0M PEeryisipHyto (GYHKIHIO, TO IS €T0
BBIUMCJICHHSI UCTIONB3YETCS CTaHAapTHAs KBaapatypHas ¢popmyna ['aycca. [ ammunTHaeckoro
UHTErpasia 1-ro poja npuMeHsieTcs MOAX0/l, OCHOBAHHBIN Ha CIEAYIOUIEM XapaKTepUCTHUYECKOM
CBOWCTBE CpeIHEro apudpMeTuIecKoro-reoMmerpudeckoro 3uauenuss AGM(a, b) (ewm. [7]).

Jnst onmpeneneHus 3TOro 3HaYEHHS CYIIECTBYET MPOCTOM alroputm ['aycca, onmrMcaHHBII
HUKE.

Takum oOpa3om, umerorcs 3¢G(EKTHBHBbIE YHUCICHHBIE NPOLEAYPHI AJs BBIUMCICHUS
BHYTPCHHUX MHTErpasioB (2), OJHAKO BHENIHHE WMHTErPAIbl HMEIOT JIOTapu()MUUCCKYIO
0Cc00eHHOCTh. 715l X BbIUKCIIEHMS IPUMEHEHHI ClieluanbHble KBaapaTypHbie hopMyibl ['aycca
[6], a Takke moaxoxd, omucaHHbIM B [8]. Pa3paboranHblii MeTon OBUT MPUMEHEH jaajnee JUis
aHajn3a CBOOOIHBIX KOJIEOAHUN 000JI0UYEUHBIX KOHCTPYKITUH.
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2. Yuc/IeHHBIH aHAJIU3 U 00Cy:KIeHHe Pe3yIbTATOB.

PaccMmoTpensl munuHapHUecKo-KoHHUeckue ob6omouku (puc. 1.) 3mece R;p m Ry —
MEHBILHIA U OOJBIIMI PAJNyChl KOHMYECKOM 9acTh, R, 3T0 Takke paguyc nununapa, 6=90°—a —
NIOJIOBMHA yIJIa MPH BepIIMHE KOHyca, H — BeIcoTa coctaBHOM 000104k, H1 1 Hy — BBICOTHI
KOHUYECKOW M UWIWHApHYeckor wyacrerd, H= H; + H;. O06e 00010YkH OTHECEHBI K
LUJIUHAPUYECKON CUCTEME KOOpPAUHAT (p, o, Z). Jlns Bcex nanbHeiux Belumciaenui o =60°,
H1/R,=1.0, R;=0.5m u H; = Im. [lns H, mbl paccmatpuBaem cienyromue 3uadenus Hy = 1, 0.5,
0.25, 1 0.1 m.

Ha mnepBom »sTame ompeneneHO HEOOXOAMMOE YHUCIO TPAHUYHBIX DJIEMEHTOB IS
HaXOXICHUSI COOCTBEHHBIX YaCTOT ¢ 3afaHHO# TouHoCcThIO. TouHOocTh & =107 mocrturaercs,
KOT'Jla YHCII0 TPAaHUYHBIX 3JIEMEHTOB BOJIb CTEHKU oOosouku paBHO 100, Bmonp muuma 120, u
BJIOJIb pajauyca cBoOOAHOM moBepxHOCTH Takxke 120. B Tabn. 1 moka3zaHo cpaBHEHHE YacTOT
OCECHMMETPHYHBIX KOJNeOaHWW KUAKOCTH B IMUIUHApPUYEcKord oOomouke ¢ Hi=1 m, Rj=1 M,
MOJIYYCHHBIX C WCIIOJIb30BAaHUEM pPa3paOOTaHHOTO 37eCh METO/Ia W aHAJUTHYECKON (HOPMYIIBI,
MpUBEJICHHOM B [2].

Tab6muna 1
YacToThl 0OCECUMMETPHUYHBIX KOJICOAHUN KUIKOCTH B IUIMHAPUUIECKON 00010uKe, HZ
MeTton n=1 n=2 n =3 n=4 n=5
MIS 3.815 7.019 10.180 13.333 16.480
AHLMTHICCKHI | 5 o015 7.016 10.173 13.324 16.470
METOJ

B Tabn. 2 mpuBeaeHb! 3HAUCHUS MEPBBIX CEMH YacTOT KOJIeOaHUH COCTaBHBIX 000JI0UEK
NpU pasHBIX JUIMHAX HWiIMHApUdeckod dactu H,. Ha puc.l mokaszansl mepBas W BTOpas
HEOCEeCUMMETpUYHBIC (POPMBI KOJIeOaHN CBOOOTHON MTOBEPXHOCTH.

Ta0nuua 2
YacToThl HEOCECUMMETPHYHBIX KOJIeOaHU KuaKocTu, Hz
n
H>
1 2 3 4 5 6 7
1.0 4.247 7.2352 [ 9.1573 | 10.726 | 12.089 | 13.312 | 14.433
0.5 4.145 7.2305 [ 9.1531 | 10.721 | 12.083 | 13.306 | 14.425
0.25 4.000 7.2146 | 9.1491 | 10.718 | 12.081 | 13.303 | 14.423
0.1 3.831 7.1538 | 9.1203 | 10.704 | 12.073 | 13.299 | 14.420
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Tabauua 3
YacToThl IPH Pa3IMYHBIX 3HAYCHHSX TTapaMeTpa rneperpysku, Hz
a/n 1 2 3 4 5 6 7

1 6.13 8.37 9.45 10.24 10.88 11.42 11.89

2 8.67 11.84 13.37 14.48 15.38 16.14 16.81

3 10.61 14.50 16.37 17.74 18.84 19.77 20.59

7 16.21 22.15 25.01 27.10 28.78 30.20 31.45

B Tabn. 3 paH aHanu3 M3MEHEHHWs 4acTOT P pPa3jIMYHBIX 3HAYEHUSAX IapameTpa
neperpy3ku npu H =0.1.

PesynbpTaThl BBIYMCIEHHMH, NpPUBEAECHHBIE B 3TOM TaOiuIle, INOKa3bIBAIOT, YTO IIpU
YBEJIMYEHUH MEPETPY30K MPOUCXOAUT POCT YACTOT CBOOOTHBIX KOJIeOaHHI KU IKOCTH.

BriBoabl

PazpaGoran meron ompeneneHuss 4acToT W (GoOpM KoieOaHMH COCTaBHBIX 000JI0UYEK
BpallleHHs. 3aJaya CBEACHA K PEIICHUI0 CHUCTEMbl CHUHIYJSPHBIX HHTErPAlbHBIX YpaBHEHUIL.
[Monxon ocHOBaH Ha MPUMEHEHMM METOJAa TPAaHUYHBIX 3JeMEHTOB. OTMETHM, YTO AJIS JaHHOM
3aJlaudl HEU3BECTHBI aHAIMTUYECKUE pemeHus. MccaenoBansl cBOOOIHbIE KOIEOaHHS KHUIKOCTH
B COCTaBHBIX 00OJIOUKAaX BPAILICHMS, COCTOALIMX M3 IMIMHAPHUYECKOM W KOHMYECKOW dYacTeil.
JlaH aHanu3 BIMSAHUS NEperpy30K Ha 4acTOTHI KOJIeOaHUsl COCTaBHBIX 000104eK. B nanpHelimem
IperonaraeTcs: yuectb 3PQeKT yIpyrocTu CTEHOK.
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