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DIAGRAMMATIC APPROACH TO GAS-LIQUID PHASE TRANSITION IN
STATISTICAL THEORY

In frameworks of equilibrium statistical mechanics it is proposed the analytic
algorithm of sequential approximations construction when the pressure is calculated in the
lattice gas model. The pressure is assumed as the function that depends on the temperature
and the particle density. The algorithm is built on the basis of the virial expansion. The
obtained thermodynamic function describes the gas-liquid phase transition such that the
density depending on pressure has the jump if the temperature value is less than the critical
one. The algorithm permits to calculate system phase diagrams together with the critical
point. The formula of the pressure obtained at zero approximation corresponds to well-known
average field approximation.
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10.I1. BUPUEHKO, JL.IT. JAHNJIOBA

Benropoackuii rocynapcTBEHHbIN YHUBEPCUTET

_ IMATPAMMHBI IOIXOJ
B CTATUCTUYECKO# TEOPUU ®A30BOIO MEPEXO/IA I'A3-)KUJIKOCTD

B pamkxax gopmanuzma pasnogecHou cmamucmuueckol MeXaHuku npeondazaemcs
AHATUMUYECKUTI al2OPUMM NOCMPOEHUSE NOCIe008AMENbHBIX NPUOTUNCEHUL 0TI BbIYUCTIEHUs
0asnenus 68 Mooenu peulemoyHo2o 2a3d Kak (QYHKyuu om NIOMHOCMU YUCId Yacmuy u
memnepamypbvl. Aieopumm cmpoumcs. Ha OCHO8e U3BECMHO20 8 CIAMUCMUYECKOU MeXAHUKe
sUpUAIbLHO20 paznodcenus. Ilomyyaemas na oOCHO8e HNpUMEHEHUs MAK020 Al2opumma
MepMOOUHAMUYECKAST (PYHKYUSL ONUCHIBAem (Da308blll nepexod 2az-HcuoKoCcms makx, Ymo
NIOMHOCMb KAK (OYHKYUs Om OAGleHUs UCHbIMblaem CKA4oK Npu memnepamype Huice
Kpumuueckou. Aneopumm no3eosem evluuciamos hazosvie OUASPAMMbL CUCHIEMbl Mecme C
Kpumuueckou moukou. Ilonyuaemas 6 Hynesom npubaudxcenuu @opmyia Oas 0asieHus
COOmMeemcmayem u38eCmHOMY NPUOTUNCEHUIO CPEOHEe20 NOJIA.

Kniouesvie cnosa: pewiemounviil 2a3, NOMmeHyuanl 3auMo0eticmsus, CmamucmuiecKasl
cymma, akmueHOCmb, XUMUYECKUL NOMEHYUA, BUPUATbHOE DA3LodCeHUe, (ha308blll Nepexoo

IO.I1. BIPYHEHKO, JLII. JAHMJIOBA

Benropoacwkkuii nep>xkaBHUN YHIBEPCUTET

_ JUATPAMHMI MIAXI
Y CTATUCTUYHIN TEOPIi ®A30BOIO ITEPEXOTY T'A3-PIIAHA

B pamxax gopmanizmy pieHosadicHoi cmamucmuyHoi MexXauiku NpONnoHyEmMvCs
AHANTMUYHUL aneopumm no6y006u NOCIi00BHUX HAOIUNCEHb 011 OOUUCTEeHHS MUCK) 8 MOOel
PeuimKo8o2o 2azy AK QYHKYIL 8i0 WitbHOCMI YUCIA 4acCMUHOK i memnepamypu. Aneopumm
0Y0yeEmMbCs HA OCHOBI BI00OMO020 8 CIAMUCMUYHIU MEXAHIYI BIPIATIbHO20 PO3BUHEHHS MUCK) 3d
cmenenamMu  wintbHocmi yacmunox p. Ompumana HA OCHO8I 3ACMOCYBAHHA MAKO20
aneopummy mepmoOuHaAmMiuna yrHKyia onucye ¢hazosuil nepexio eaz-piouna max, wo y Hei €
KpumuyHa moyka npu 3miHi memnepamypu. llpu yvomy npu memnepamypi Hudicue 3a
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KPUMUYHY, 8 3ANeHCHOCMI WINIbHOCMI 8I0 MUCKY, € CMPUOOK. 3anponoHoeaHull anieopumm
00360718€ 0OUUCTIO8AMU 3a OONOMO2010 PO3KIAOAHHSA 34 CREYIANbHUM MATUM NAPAMEMPOM V
gazosi (P, T)—i (p, T) — diacpamu cucmemu pasom 3 Kpumuurnoo moukoro. 3 gizuunoi mouxu
30py yeul napamemp OOPIGHIOE BIOHOWIEHHIO padiyca 63aEmodii 00 paodiyca Kopensyii.
Mamemamuuno, napamemp 6600UMbCA 6 MOOENb PEeUlimKo8020 2da3y 3ad O0O0NOMO20I0
NPURUCYBAHHA KOJICHIU Oliacpami Maiiepa 6e3 @epuiun 3uleHY8aHHA 6a2u, NPONOPYIIHO20
nioxoosawo2co cmeneus napamempa v. /i no6y0osu pO3GUHEHHs 304 CMeneHAMU V iCHYE
nompeba 6 anpiopHin iHgopmayii NpPo 3HAYEHHA XIMIYHO20 NOMEHYiany, Npu sSKOMY
giobysaemuvcs ¢hazoeuil nepexio. Bono oOopienroe cepeoniil eenuuuni 83aemMo0ii npooHOI
yacmuHku 3 yciew iHworw cucmemoro. Lleu ¢axm paniwe ecmarnosnienuti JIi i Aneom ons
cucmem 3 nomenyianamu MaAXCiHHA. Bin € nacniokom meopemu npo po3mauily8aHHs Hyili6
CMAmUCmMuyHoi cymu 3a napamempom akmusHocmi z. Y Oamiti pobomi noxazano, wjo ye
cnpaseonuso 0ns 6y0b-AK020 NOMEHYIALY, Wo NiOCYMOBYEMbCAL.

Ompumana 8 HYIbOBOMY HAOIUdCEHHI 3a napamempom Vv gopmyna Oas MUcKy
8ION0BIOAE HAONUNCEHHIO CAMOY32000CeH020 Nos. 3Hatioena @opmyra 01 MUCKy 8
HACMyNHOMY HAOMUdICEHHI, s5IKe NponopyiiHe nepuiomy cmenenio Vv. Ha ii ocHosi
OMPUMYIOMbCS NONPABKU 00 KPUMUYHOL MeMnepamypu, 6eIuduHu cmpuobKra wirbHocmi i 00
Gopm kpusux pazosux (P, T)— i (p, T) — oiaepam. Ilpu yvomy, npupoono, GUAEIAECMbCA
3a60poHa Ha ICHYBAHHS (hA3068020 Nepexody 8 OOHOBUMIPHOT CuUCHeMi.

Knrwouosi cnosa: pewimxosutl easz, nomenyian 83a€mooii, cmamucmuyHa cymda,
aKmueHicmy, XiMIYHUL nomenyiai, 8ipidaivHe po3suHeHHs, (pazosutl nepexio.

Problem Statement
Statistical theory of gas-liquid phase transition has the large history, but now we have
no a mathematically rigorous method in frames of statistical mechanics for calculation of
some thermodynamic characteristics of the transition even for such simple systems of
statistical physics as gases consisting of one-atom spherically symmetric molecules. In this
communication we point out the way of formulated problem solving. Namely, we propose the
algorithm for the phase (P,T)-diagram evaluation using the so-called lattice approximation

on the basis of the statistical mechanics formalism. This diagram represents the first order
phase transition line which has the critical point. Besides, it permits to calculate the particle
density p as a function on the pressure P such that the function has the jump.

Analysis of Recent Researches and Publications

Let we study thermodynamic system characteristics as functions on intensive
thermodynamic parameters. From mathematical point of view, phase transitions are
manifested in analytical expressions of these functions in the form of some essential
singularities. But, at first sight, there is not such a situation in frames of statistical mechanics
formalism. Beginning form the famous L. Onsager work [1], it is clear that such singularities
appear as a result of so-called thermodynamic limit which represents the necessary stage of
calculation. Works of Lie and Yang [2, 3] have pointed out the concrete mathematical
mechanism according to which such singularities appear when we describe the gas-liquid
phase transition. Moreover, they have shown that we cannot consider thermodynamic
functions characterizing different thermodynamic phases as functions connected with each
other by an analytical continuation procedure. In connection with this fact, there is a prejudice
that it is impossible to study the gas-liquid phase transition by means of so-called virial
expansion, i.e. by series on p powers. But, from other side, one may think that coefficients of

the expansion named irreducible integrals are the full collection of system characteristics at
the thermodynamic limit.
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Description of Main Material of Research
1. The lattice approximation. We propose the solution of the problem which is set in
the introduction having based on the lattice approximation. We use such an approximation
because it permits to simplify essentially the solution of sufficiently routine problem which is
concerned of molecule volume exclusion. Such a procedure is necessary in order to take into
account of molecules rough repulsion at short distances. Let molecules may occupy only the

discrete point collection A={xeR®:x=a(ne,+n,e, +ne,)}in the cube Q(A) with the
edge aL, a is the lattice constant, e;, j=1,2,3makes up a fixed orthogonal basis in R3*such

that L*is the number of possible points of molecule space locations|Q(A)|=(aL)®is the

system volume. Let us consider the lattice system of statistical mechanics (see, for example,
[4]) with the Hamiltonian

Hipl=-p 2, p()+ D, UXx=y)p(X)py), @)

xeQ(A) {x,y}eQ(A)

where # is the chemical potential, U(z) is the central symmetric interaction potential. To
account the rough molecules repulsion, we put U(0)=c . Here, p(x) is an arbitrary

dichotomous function defined on lattice sites A . So, it has the values 0, 1. The interaction
potential U:A — R is supposed as the summable one,

ol =2 V@ (2)

0zzeA

On the basis of the Hamiltonian (1), the Gibbs probability distribution P[o(x)] is introduced
on the space {p(x) €{0,1}:x € Q(A)}of elementary events. According to this,

PLo()]=Z “exp(-H[p]/T)

is the probability of the random realization p(x), where T is the statistical temperature (the
Boltzmann constant is equal 1),

z="3 exp(-H[p]/T)

{P()}
is the partition function. The pressure of lattice gas is defined by the formula
P=TInZ/|Q(A)]|. (3)

We assign the definite collection X, ={x:p(X)=1} to each function p(x) with

n= Z p(x). Components of the collection are mismatched and they are defined with an
xeQ(A)

accuracy to component permutations. Then, the partition function has the form

2=35 % V,(X,),

n
n=0 N* x_cam(a)
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where V_(X,) = exp(— Z U(x; —x,) /T) are Boltzmann’s functions. These functions equal
ket

to zero when any pair of X_-collection components are coincide, z=e*" is the fugacity

parameter. So-called group expansions of the pressure and the particle density on z -powers
are fulfilled [4]

PIT=3 2%, p=32"(n+Db,,.

n=1 n=0

They are differed from group expansions connected with continuous systems such that
integrals on particle locations are changed on summations on their discrete locations in sites
of the cube lattice A, i.e.

=1 T 3 ] W -x). (4)

Y _
Ny cA™ GeG, {j k}<G

Here, the internal summation is done on all connected graphs G with n marked
vertexes (Mayer’s graphs). In formulas (4) each group coefficient b, (T) has the
thermodynamic limit. This fact is connected with summability of the Urcell function
W (z) =e V@™ —1 is summable. It is due to the summability of the potential.

Let the function P(p,T) denotes the pressure defined by Eq.(3). It is represented by
series on density powers,

P(p,T)IT =p[1—pj—piﬁﬂm(r)} (5)

where coefficients £,(T), ne N are named the irreducible integrals. They are defined by the
formula

1

£M==2> > I Wx-x) neN.

N2 X A" GeF,., {j k}<G

This formula is analogous to that corresponds a continuous space molecule
distribution, but integrations over all space molecule positions are changed by summations.
The internal summation is done on all connected graphs without contact vertexes (see, for
example, [5]). By the same way, it is fulfilled the analogous formula for the fugacity [6]:

z= pexp(—iﬂnp”)-

2. The algorithm of sequential approximations. Construction of sequential
approximations is based on the use of the expansion (5). It is necessary to determine them for
all collection of coefficients B (T), neN. Approximations are built by the introducing a
supplement "small" parameter v into irreducible integrals. From physical view-point, the
parameter v corresponds to the ratio r,/r, where r, is the correlation radius and r, is the

interaction one. Since the rough repulsion of particles is not small, we define new Urcell
function:
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W (2) =W (z,1,) -6,

with the aim of approximations building. The particle volume is excluded in it. Let us
consider that the function W (z,r,) is small at r;'* « 1. Then irreducible integrals g, (T) are
represented in the form:

AM=2 3 Y (D466, ©
£G.6 )= (T 6,0 TT Wex-x.1).
X eA" {].k}eG’ {Jj .k}eG\G’

The internal summation in Eq.(6) is done on all subgraphs of the graph G. The
particle volume exclusion in coefficients g (T) corresponds to summations using Kroneker’s
symbols. Due to the introducing of the function V\7(z,ro), two kinds of edges appear in the
graph G . Namely, the symbols §X]_'Xk correspond dotted edges ———, and the functions

V\7(xj —X,) correspond continuous edges ——. The graph G’ is made up of dotted edges. It

represents by some subgraphs G,,G,,G;,..., G'=G, UG, UG, U...being not connected with
each other in general case. Then, despite to fact that summations by Kronecker’s symbols is
simply fulfilled, in a result of summations on X,, we obtain a complicated graph with

multiple edges and contact vertexes. We name it as the derived graph. Thus, the summation
on all derived graphs connected with all graphs G with n vertexes should be done effectively

in order to calculate irreducible integrals . (T). So, it takes place
Theorem 1. For each pair (G,G') , GeF G'cG | there is the map

n+l ?

N:Z(G,G")—~ N, such that the following formula is fair for irreducible integrals

AD=-ZF T ¥ [T W9 -x,.5)

* GeF,,; G'cG X (2(G,G\1PeAFC eI {jkIc2(G,G)
where X(G,G")is the set of derived graph vertexes.

For each derived graph with the pair (G,G’), we calculate the asymptotic of its
contribution to corresponding irreducible integral £, (T) when r, — o, in order to determine
the dependence on v of irreducible integrals £, (T),

T )ﬂc(e,e')

£,(6,G1,) - MO (x, —x, )X (3(G, G\ D),

(r3)m(G ,G") )
0 (R3)F(ECI1{j,k}c2(G,G)

where x(G,G’) = Z N({],k})is the edge number of derived graph with the account of
{i.k}2(6,6)
their multiplicity, m(G,G") 5 £(G,G’") | -1-«(G,G") is the characteristic indicator of derived

graph.
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On the basis of this result, we prescribe the multiplier v™© to each term S (G,G").
So, irreducible integrals are some functions on v,

ﬂn(v,T):% 2 2 WM (GG, A T) =4,

s GeF,,; G'cG

B.(G,G) = > [T WM (x, -x,).

X (2(G,6")ky PeAPC I {j k}c2(G.G)

Thus, we have defined the immersion of lattice gas model into more wide class of
models which is parametrized by the analytic v -dependence. It permits to study quantitatively
the lattice gas system by means of asymptotic expansions on v . Herewith, the original
system is obtained at v =1.

3. The location of phase transition. We propose two important statements which are
necessary for construction of v -expansions. They connected with the determination of phase
transition point location. At first, it is necessary to define the relationship between zand p at

this point. It is done on the basis of the equation:
p=2M)exp(3 5,(M)p"). (7)
n=1

The partition function Z js a polynomial on the fugacity z . According to the Lie-
Yang theorem, all zeroes of are located on the circle with the radius A™(T) if the interaction
potential have no positive values. Here,

M =exp[-> U0 /7]

XeA

Zeroes fill out densely the circle arc after the passage to the thermodynamic limit
when the polynomial power tends to infinity. The arc does not intersect the real axe. The
phase transition is occur in the system when this arc occupies the circle completely. Naturally,

the point with real value is excluded. Consequently, the value z(T) is equal to A 7%(T) at
T <T.when the phase transition occur. We have proved a generalization of the Lie-Yang

conjecture for the case when the potential U is not attractive completely. At such a case, one
cannot assert that zeroes are located on a circle. But, we have proved that they make up the set

that may adjoin to real axe only in the point A 7(T).
Theorem 2. Let p(z,T)=TInZ/|Q|. Then this function satisfies functional equation

p(zT) = p([22(TM)2]%,T) +TInz-0U0 0/2

ateach T >0.
Consequence. The solution p(z) of Eq.(7) satisfies functional equation

p(2)+p([22(T)2]") =1

At that it is allowed that p(z) may be discontinuous function.
From this functional equation one may find
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Theorem 3. If there are not some critical points in the temperature interval (T_,T.)
which are differed from T_, then the jump of the function p(z) may occur only at the value
z=17T).

Following statements are proved on the basis of the symmetry between completed and
empty sites.

Theorem 4. The value p=1/2 belongs always to the interval [p (T), p, (T)]of the
density p(z) jump at any temperature T <T,_if there is only one phase transition in the

system.
Consequence 1. The critical value p, of the density is equal 1/2.

Consequence 2. The value p(T) of the pressure corresponding to the jump is
determined by the formula

p(T)=P@/2,T). 8)

4. Zero approximation. To calculate the pressure in the system at zero approximation

PO(p,T)= Z B...(0)p"*according to above described procedure, it is necessary to find all
n=0

pairs (G,G") which define derived graphs with the characteristic indicator m(G,G")=0. It is
proved that such pairs are(G, ) where G is the graph with unique continuous edge and all
pairs with n>2which haveG'=G, Ge F,,, neN_, i.e. all their edges in G are dotted. It is

n+1?

not complicated to prove the combinatorial formula being valid for graphs with dotted edges:

> (D)=—(n-1! nx1

GeF,,1

Taking into account the contribution into the coefficient £ (T) connected with the

unique graph with continuous edge and summing all contributions of graphs with dotted
edges, we obtain

T—l P(O)(p,T) :_In(l_p)_%zz (e—lj(X)/T _1) (9)

XeA

This expression corresponds to the self-consistent field approximation. In particular, at
such an approximation, the pressure has the following form for the model with the nearest-
neighbors interaction (the Ising model)

U(z)=-U,, at|z|=2;0,at|z |~ a,
U, >0, a>0 is a lattice constant,
T'PO(p,T)==In(l- p)-3p* (™" -1)

The expression (9) has the bifurcation point {(p.,T,) when the temperature T is varied.
Two equalities OP@ /6p=0,  0°P@ /8p* =0 are fulfilled simultaneously at this point.
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From these equations, we find that p, =1/2 and, moreover, we find the equation determining
the temperatureT, . It has the form

3 (exp(-U(x)/T)-1) = 4. (10)

XeA

It is valid the following assertion.
Theorem 5. If the interaction potential U has negative values at some points of the
lattice A, so there is unique critical point T_ >0 that is the solution of Eq.(10).

In particular, the equation (10) takes the form 4 =6(e“’" —1) for the above-mentioned

-1

Ising model. It has the explicit solution T, =U, [In(5/3)J

At zero approximation the phase (P, T) -diagram is found on the basis of Eq.(8):

p(T)=TlIn 2—%TZ (e"j‘x)’T —1).

XeA

Such a function p(T) possesses the following properties.

Theorem 6. The function p(T) is concave and it monotonically increases at the
segment [T.,T.] where T. is defined by the condition p(T.)=0. The pointT. is the unique
solution of the equation:

8In2=> (e9T -1).

XeA

Particularly, for the Ising model, we obtain:
3 (ay
p(T) =T InZ—ZT(e o _1).

At last, extreme points p, (T) of the density jump that takes place at the pressure value
p(T), are determined by extreme solutions of the equation:

p(T) =P (p.(T).T),

that is equivalent to the equation:

~In(L- p, (T)) —%(pf M) —%)Z (eV®m_1) =2

XeA

The function p_(T) monotonically increases on temperature and the function p, (T)
monotonically decreases.

Asymptotic of the jump value has been calculated explicitly at small temperature
deviations A =T, —T > 0from the critical point:
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pﬂ)—pﬁ)zag,owo-

c

Thus, the critical exponent of the order parameter, i.e. the critical exponent of the jump
value is equal to 1/2. It is in agreement with the Landau thermodynamic theory of second
order phase transitions.

5. Correlation approximation. Such a term corresponds to first order approximation
on the parameterv :

o0

P(l)/T=—p2(f—pQ‘l>(p,T)). QY (p.T) Z P (11

since in this case the pair correlation function does not vanish. To calculate the coefficients®

po == > 2. (D°B,(G,6),

NG 6'eom(6,6)-1

B.(G,G) = > [T W'O9(x, -x,),

X (2(G,G)\1PeAFC I {j k}c2(G,G)

it is necessary to describe the class of pairs (G,G'), G € F,,,, which generate the derived
graph with the characteristic indicator m(G,G')=1. It is proved that such graphs are

represented in the ring form. Such rings are made up of continuous edges and their “effective
vertexes” are represented by some arbitrary graphs of dotted edges which have no any contact
vertexes. It is necessary to find the description of all such graphs. In a result of solution of this
combinatorial problem, by summation of contributions 5 (G,G’) of graphs with fixed vertex

number n> 2, one may find the coefficients:

) n+l  s-1 1™ 1 -1 | m —U (X, =X, )IT
A =22 (2(21+1(n:)-)[s ji: Eil > TIE 1) @)

s=3 m=2 XpqeA™ t=1

The series (11) with coefficients (12) is summated explicitly. Taking into account
the expression P®@(p,T) in a result, the formula of the pressure is obtained with the

accuracy of the first order:
—P(p T)=-In-p)- 'Z > (9™ -1)(3-eWT) -

XeA
3

—1272 P Ep-lj In(1- p@— p)[W (K) ])dk, W (k) = XEZA:(e-UWT —1)e 0

Here, we use the sum of triple Fourier series of the Urcell function. The formula
represents the periodic function on the space R®of wave vectors k . The function period is
the so-called Brillouin zone A =[-z/ a, 7/ a]’ of inverted lattice corresponding to the simple
cubic lattice A ={x = a(ne, +ne, +ne,);n; =0,1,2,3,..}.

On the basis of the obtained expression it has been calculated the correction of first
order for the critical temperature,
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W (k)(4W (k) -3)

. 3
5T =Y U exp-U ) /T[> (609 —1)2+ 2. - dk], @3)
5 I =l
where T =T, in the integrated expression and, therefore, T =T_ in the Urcell function W ie.

W(0)=4.

Then, the convergence of the integral should be understood according to the main
sense.

Strictly, it has been calculated the correction ¢ p(T) of the phase transition point p(T)

T_1§p(T) =T—1P(l) (1/2,T) =%Z (e—L](X)/T _1)2 —Gl(ll 2)’
XeA
3

G,(1/2) = o[ In(L-W (k) / 4)dk.

167° =

A

At last, corrections of jump extreme points are found with the same accuracy:

1 p.(MA-p.(T)

PO = o M. O,
X 3 (1—,0i(T))2V\_/(k)_ dk 4 (12 oo _1)2].
L [ - p o™ -2 DX )]
Conclusions

Firstly, we note that one may calculate the pressure P(p,T) by the analogous way
with any accuracy on v-powers. It may be done by evaluation of functions
P®(p,T)=-p*(dQY /dp), with coefficients 5 being proportional to v¥, k =2,3,.... The
phase transition of first order is manifested by first two approximations. Secondly, we point
out that the expression under the integral defining P®(p,T) exists only in the case when the
following conditions are fulfilled

pL-pW™ <1, W™ =max,_{W (k)}.

Thus, the function P(p,T) has the natural domain
pP< ,OEm) E%(l— (1_4/W(m))1/2), p> pim) E%(l-i- (1_4/W(m))1/2).

at the approximation pointed out. By other words, the inverse function that represents the
dependence of p on P has the jump by the natural way at this approximation.

Besides, we note that 0T =00, if the formula (12) of the correction oT . is applied
formally for the one-dimensional case. Thus, the self-consistent field approximation
(averaged field approximation) is not correct. This fact is very important since the application
of this approximation caused doubt in statistical physics due to the fact that it predicts the
phase transition for one-dimensional systems, but it is known the statement that phase
transitions are absent in one-dimensional systems with summated interaction potential [4].
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