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YVAK 519.64
A. H. XOMYEHKO
YopHOMOpPCHKHIA HalliOHATBHIH yHiBepcHuTeT iMeHi [lerpa Morwmmu
IO.M. BAPJIAYOB, O.1 IUTBUHEHKO, 1.0. ACTIOHEHKO

XepCcOHCHKHI HaI[lOHAJIBHUI TEXHIYHUN YHIBEPCHUTET
METO/J IHTEPHPETAHIFI TA KBAAPATYPU TAYCCA

byov-axa mamemamuuna modenv Hacnpasdi € iHmMepnpemayicro NpupooHO2o,
MEeXHONI02IUHO20, PO3YMOBO20 NPOYECy MAMEMAMUYHOI0 MOBOI. B naykoeux oocnioscennsx
MemooO inmepnpemayil 3yCMpiuaemvbcs HaA KOXCHOMY Kpoyi. [locmamubo Hazadamu npo
meopito  epagis, aHaNiMuyHy 2eomempiro, OugpepenyiaibHi PIGHAHHA, NEePemBOPEHHS
Jlannaca, weuoxke nepemeopenns @Dyp’e, meopito KoOyeawHs mowo. B memooi
iHmepnpemayiti, AK NPABUNO, 3aA0a¥a OOHIEI 00aACMI MAMeMAMUKU IHMEPNPemyemovcs 8
iHwil obnacmi, de 6oHa abo cnpowyemvcs, abo Oinvue 6ionogioae Hawil iHmMyiyii, abo
00360J151€ BUKOPUCAHHS THUWUX Ni0x00ie i m. iH. Mu 36epuynu ysacy na keaopamypu I aycca
He MINbKU MoMy, Wo came 8OHU BUKOPUCMOBYIOMbCA 8 CYUACHUX CIMAHOAPMHUX NPOSPAMAX
inmeepyeanns. Mu nepexonanucsa, wo 6 keaopamypax laycca € nenuil OUOAKMUYHUL
nomeHyia, AKutl Moxce Oymu KOpUCHUM Ol MUX, XIMO 84UMbCS | HABYAE MAMEMAMUYHOMY
Modeniosannio. Y pobomi pozensioacmuca npocma keadpamypua gopmyna I aycca (06a 8ysnu
inmezpysanns). Haeedeno npuxnaou 3aday, 6 AKUX ICHYE JAMEHMHUN 38 A30K i3
keadpamypoio 1 aycca. Li 3a0aui — c80epiona KOMOIHAYIs NpOCmMoOmuU i HeMpUGiaIbHOCMI, 6
AKIU Yumay Modce 3Haumu wocv yikage Ha ceii cmax. Ilpupoono, wo rodcna 3aoaua
Gopmynroemocs Ha 060x "kanoniynux" inmepeanax: [—-1, 1] i [0, 1], wob oxonumu 06i éepcii
keaopamypu: I aycca-Jlexcanopa i I aycca-bBeprnynni.

Knrouosi cnosa: inmepnpemayis, keaopamypa Iaycca, noninom bepuynni, noninom
Jeacanopa, inmepnonsayisn 3a Epmimom, noninom Kyuca, pienauns Ilayccona.
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XepCOHCKUI HAlMOHAJIbHBIM TEXHUUECKUNA YHUBEPCUTET
METOJ I/IHTEPHPETAIII/Iﬁ N KBAJAPATYPBITAYCCA

JIrvbas mamemamuueckas MoOelb HA CAMOM Oele SGIAemcs UHmepnpemayuell
APUPOOHO20, MEXHOIOSUHECKO20, YMCMBEHHO20 NpOyecca MamemMamuyeckum A3blkom. B
HAYYHBIX UCCAEO08AHUSIX MemoO UHMEPNPemayull BCmpeyaemcs Ha KaXcooM wazy.
Hocmamouno  manomHums 0  meopuu  2pagos,  AHATUMUYECKVIO — 2e0Mempuro,
ouggepenyuanvrvle ypaeuenus, npeobpazosanus Jlanaiaca, Ovicmpoe npeobpazosanue
Dypve, meoputo KoOuposauus u m.0. B memode unmepnpemayuii, Kax npasuio, 3a0aud
O00HOU 0bacCmMuU MamemMamuKky UHmMepnpemupyemcs 6 Opyeou obracmu, 2oe OHA Ul
ynpowjaemcs, uau  6oibule  COOMEEMCmMEYem Hauwiel  UHMYUuyuu, uiu no3eoJsem
UCNONb308aHUE OpYy2UX NOOX0008 U MOMY N0000HOe. Mbvi obpamunu 6HUMAaHUe Ha
keéaopamypuel I'aycca He moibko NOMOMY, YMO UMEHHO OHU UCHONb3YIOMCA 8 COBPEMEHHbBIX
CMAHOAPMHBIX NPOSPAMMAx unmezpuposanus. Mol yoedunuco, umo 6 keaopamypax I aycca
ecmb onpedeyieHHblll OUOAKMUYeCKUll NOMeHYUAal, KOMopblll Moxcem Obimb NoAe3HbiM Ol
mex, Kmo yuumcs u obyyaem mamemamuieckomy Mmooenupoganuro. B pabome
paccmampueaemcs npocmas keaopamypras gopmyna I'aycca (06a y3na unmezpuposanus).
Ilpusedenvl npumepsvl 3a0ay, 8 KOMOPwHIX CYWeCmeyem JIAMeHMHAs C653b C K8a0pamypou
Taycca. Omu 3a0auu — ceoeobpazHas KomOUHAyUsi NPOCMOMbl U HEMPUBUATLHOCMU, 8
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KOMOPOU Yumamenb MOJMCEM HAUMU YMO-MO UHmepechHoe Ha ceoli ekyc. Ecmecmeenno, umo
Kadicoas 3adava opmynupyemcs Ha 08yx «kamounuyeckuxy unmepeanax: [—1, 1] i [0, 1],
umobwsl oxeamums 06e sepcuu kgaopamypul. I aycca-Jlescanopa u I'aycca-bepnynnu.
Kniouesvie cnosa: ummepnpemayusa, keadpamypa Iaycca, nonunom bBepuynnu,
noaurom Jlescanopa, unmepnonayus no Ipmumy, noarurnom Kyuca, ypasuenue Ilayccona.
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INTERPRETATIONS METHOD AND GAUSSIAN QUADRATURES

Any mathematical model is the interpretation of natural, technological, mental process
in mathematical language. In scientific researches one faces interpretations method at every
step. It is sufficient to mention the graph theory, analytic geometry, differential equations,
Laplace transformation, Fourier transformation, encoding theory etc. As a rule in the
interpretations method the problem of one branch of mathematics is interpreted in other
branch, where it is either simplified or better responds to our intuition or allows usage of
other approaches etc. We paid our attention to Gaussian quadratures not only because they
are used in modern standard programs of integration. We made sure that there is certain
didactic potential in Gaussian quadratures, which can be useful for those who study and
teach mathematical modelling. We have selected problems in which nodes of Gaussian
quadrature appear unexpectedly as a result of received solution. Traditionally the search of
nodes and weighting factors of Gaussian quadrature involves making and solving the system
of (non-linear!) algebraic equations, while simple mathematical folklore requires more
‘trivial’ proves which are good for simple understanding. Simple quadrature formula of
Gauss (two nodes of integration) has been reviewed in the work. Examples of problems which
contain latent connection to Gaussian quadrature are given. These problems are peculiar
combination of simplicity and non-triviality in which a reader can find something interesting
to his/her taste. It is natural that every problem is formulated on two ‘canonic’ intervals:
[-1, 1] and [0, 1], to cover two versions of quadrature: Gauss-Legendre and Gauss-Bernoulli
ones. Reviewed examples give new subjects for reflections and observations. It is worth
noting that approaches suggested in the work has been successfully tested for ‘clearness +
briefness + convenience’ among students of higher education institutions. We agree with the
point of view of Lithuanian mathematician R. Kashuba who thinks that interpolations method
contributes to spread of democracy because it improves the ability to change point of view.

Keywords: interpretation, Gaussian quadrature, Bernoulli polynomial, Legendre
polynomial, Hermite interpolation, Koons polynomial, Poisson equations.

ITocTanoBKka nmpodJjemMu

Mu migibpanu 3amadi, B SKHMX BY3/HM KBaaparypu ['aycca 3’sBISIOTBCS HECIIOAIBaHO,
SK HACJIIJOK OTPHUMAHOTO PO3B’s3Ky. TpaauIliifHO MOLIYK BY3/TiB 1 BaroBUX Koe(illi€HTIB
KBaApatypu laycca moisdrae y CKIaJaHHI Ta pO3B’sA3yBaHHI CHUCTeMH (HETiHIHHHX!)
anreOpaiyHUX piBHSAHb, B TOW Yac SK NMPOCTHH MaTeMaTHYHUH (OJIBKIOP BUMAarae OibIl
"TpuBianbHUX" TOBEJIEHB, 0 IPUAATHI IJIs TPOCTOTO PO3YyMIHHS.

Mu 37iiiCHIOEMO TIOIIYKH HETPATUIIMHUX NUIAXIB BU3HAYEHHS KOOPAMHAT BY3JIiB
IHTETpyBaHHs X, Ta X, JUISl HACTYIHUX (POPMYII:
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1
kBazgparypa 'aycca-JIexxanapa I f (x)dx ~ f (x1 )+ f (Xz)~ (1)

-1

kBagparypa [aycca-bepayi j f (x)dx ~ %( f (xl )+ f (x2 )) (2)

TyT By3nu iHTETpYBaHHS CIIBNAAAIOTh 3 HYJISIMH ToJiiHOMa Jlexanapa (1) 1 momiHOMa
Bepuymni (2) apyroro mopsaky. Lli kBagpaTypu € CyTT€BUM YJOCKOHAJICHHSM MpaBUia
Tpanenii, ske Bigome 3 yaciB Herotona i Koreca. Ha Binminy Bin popmyn Herorona-Koteca,
dopmymn (1), (2) Touno interpyiots MoHOMH 1, x, x°, x°. V3aransueni dpopmymn I'aycca
BUKOPUCTOBYIOTh YOTHPH BY3JIM Ha KBaJpPAaTHOMY IIA0JIOHI 1 BiCIM BY3JIB Ha KyOI4YHOMY.
BapTo 3ayBakuTH, IO 3alpONOHOBAaHI B POOOTI MiAXOAW YCHIIIHO NPOUIUIM TECT Ha
"3pO3yMUIICTh + CTUCIICTh + 3pYUHICTB'" cepe/l CTYICHTIB BUIIIOI ITKOJIH.

AHAaJII3 OCTAaHHIX J0CTiIKeHb Ta MyOaikamii

[Ipo mumakTHYHI MOKIJIMBOCTI METOZA 1IHTEPIIPETAIlid TPOCTO, HAOYHO 1 IEPEKOHIHBO
Hamucanu aptopu [1]. Y pobGori [2] HaBeneHO XapakTepHUH NpPUKIAA WMOBIPHICHOT
iHTepnpertarnii KyOluHmx mosiHoMiB Epwmita-Kynca. Bumatamii ykpaiHChKHMN MaTeMaTHK
akagemik  A. B. Ckopoxona 3aBxId HiAKPIIUTIOBaB  BH3HAYHY pOJb  HWMOBIPHICHUX
IHTepIpeTaliii, 0co0auBO y HeliMOBIpHICHUX 3amadax [3]. BmactuBocti mosinomiB Epwmita-
KyHnca 1 mpuxiagu iX MpakTHYHOrO 3acTOCyBaHHS HaBeneHi B [4, 5]. ABtop kHuru [6]
po3risgae KOHKPETHY 3ajady KOHCTpYyroBaHHS kBaapaTypu [aycca-Jlexannpa 3 aBoma
By3naMu. BiH 3ayBaxkye, IO cucTeMy piBHAHb 4X4 po3B’s3aTH MOXKHA, HE3BAXKAIOUM Ha
MPUCYTHICTh B CUCTEMI HENIHIWHUX PIBHSIHB. AJie, MOCUJIAIOYUCh HAa crienu(ivHi TPy IHOIII
BU3HAUEHHS KOOPJAMHAT BY3JIIB IHTEIPYBaHHSA, BiH MPOCTO BHKOPUCTOBYE BiJOMI HYyII
noiHoMa Jlexanapa apyroro mopsnaky. Teopemw, 1o 3aiisiHi B OCHOBHIM YacTWHI CTaTTi,
MOYKHA 3HAUTH y Oyb-SKOMY MiIPYYHHUKY 3 MATEMaTHYHOTO aHaJli3y, HapuKiazn, B [7].

Merta nociigKeHHs

Merta — nminiOpaTtu 3ajadi (Ha 3pa3zok [2]), y po3B’si3Kax SKHX NMpHXOBaHa iH(OpMAaLis
npo kBaaparypy [aycca-Jlexanapa 1 ['aycca-bepnymmi (aBa Bysnu). Ha nHam mormsp, mi
3aadi CHpOIIYIOTh MOLIYK BY3JIB I1HTErpyBaHHS 1 30arauyroTh MEpeiK pi3HOMaHITHUX
iHTepnpeTariii. Po3risHyTi MpUKIaan 1ar0Th HOBI TEMU JJISI PO3YyMIB 1 CITIOCTEPEIKEHbD.

BukJiageHHs1 0CHOBHOI'0 MaTepiay 10CiZKeHHA

Y miii pobori mMu posrimsgaemMo kBaapatypy laycca (1-2), mo cnupaeTrhcs Ha
noniHomu bepnysuti (JIexxanapa) qpyroro nopsaxy.

V3

IMoninom bepnymm B, (x) =x>—x +% , [0,1], 3 HymsiMH B TOYKax X, = %—— ,

6
1 3

: 1
x2=5+?; nomunom Jlexannapa Pz(x)zg(f&xz—l), [-1, 1], 3 Hymamm B TOYKax

X, =——, X, =—.

3 3

Takum 4rHOM, Ma€EMO TEpITy IHTEPHpPETaIiio: By3/iH iHTerpyBanHs dopmyn ["aycca-
Bepaymni (Jlexxanzapa) iHTEpHpETYIOThCS SK HyJII BIATOBIAHOTO IMOJIIHOMA 1 HaBMaku. [Hmn
IHTepIpeTalii HapoKYIOThCS B HACTyNMHUX 3amadax. Bci GopmynroBaHHS crpsiMoBaHI Ha

Bepcito bepryiuni. Mix Hynsamu noaiHoMma Jlexkanzapa x,; 1 nomiHoma bepHyiui icHye mpocrta

3aleXHICT: X, =2x, —1.
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1

4x* —4x+2
JIOTHYHA YTBOPIOE 3 Biccro OJx HaHOUTBIINI 32 a0COIFOTHOIO BETMUNHOKO KYT.
I'padix f (x) MOKa3aHo Ha puc. 1.

3amaua 1. Ha xpuBiii f (x)= , 0 <x <1, 3HaliTH TOYKH, B SKHX

KornituBHo-rpadiuHmii aHai3 MOBEIIHKH JTOTUYHOI A€ BiAMOBIIb f "(x): 0, TobTO

1 3 1 3

X, = PRI X, = 5+?.I[pyra iHTeprperTalis: aOCIMCH TOYOK MEPEruHy KpuBoi f (x)

(puc. 1) iHTEpIIPETYIOTHCS K HyJI1 TToTiHOMa bepHysuTi 1 HaBmakw.
3anaua 2. Ha xyOiuniii mapaboini Kynca (puc. 2) 3HalTH TOYKHU, B IKMX BHUKOHYETHCS
TeopeMa Jlarpanxa.
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Puc. 1. Puc. 2.

Kpusi Kynca — e okpemuii Bumanok inteproisiii 3a Epmitom. Ha intepsani [0;1]
ICHyIOTb JIBI CHUMETpPHYHI KpuBI F| (x) 1 Fl(x) [4-5]. 3arampHa Qopma QyHKIIT
F (x) =a, +a,x+a,x’ +a,x’ . KoHkpeTH3allis napaMeTpiB a, 3IiHCHIOEThCA 3a JOTOMOTOI0
rpanmunnx ymos: F,(0)=0, F(1)=1, F/'(0)=0, F/(1)=0. Pose’sisox CJIAP 4x4 nae
napabody:

1(x) =-2x> +3x°.

Teopema  Jlarpamxka M:Fl'(c), ne a<c<b, gac BIANOBIOb
—a
1 3 1 3
ANy T TR

Tpetst inTepnperartis: abcuucu Toyok KpuBoi KyHca, B SIKHX BUKOHYETbCA TEOpeMa
Jlarpanka, IHTEpIPETYIOTHCS K HYI1 nojiiHoMa bepHyiuti 1 HaBmaku (puc. 2).
3ayBakeHHs. [ (x) MOYKHA PO3IIIJIATH SIK 3aKOH pO3MoALTy WMoBipHOCTEH [§-9].
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3amava 3. 3HAWTH TOYKH TEpeTHHY rpadika MIIILHOCTI PIBHOMIPHOTO PO3MOILTY
HMOBIpHOCTEH 3 TpadikoM IMIUIBHOCTI @, (x)zFl'(x) (puc. 3). Hns Bepcii bepnymmi

. 2 .
JIOCTaTHbO PO3B’SA3aTH pIBHAHHA: —6x~ +6x =1. Sk Oaunmo, 1e cTaHIApTHE PIBHSIHHS

1 3 1 3

B,(x)=0, Tomy x, ST e ™ :§+?.

UeTBepTa iHTEpIpeTarlis: abCIMCH TOUOK MEepeTuHy rpadika IiasHOCTI PIBHOMIPHOTO
po3noainy WMoBipHOCTEH 3 rpadikoMm miIBHOCTI "3akoHY KyHca" iHTepnpeTyroThes sSK HyJI
noinoma beprymi.

3amaga 4. TyT po3misimaeThCs TpaHWYHA 3a4ada I OJHOBHMIPHOTO PIBHSHHS

y
[Tyaccona 13 cneniajibHOIO MPaBOIO0 YACTHHOIO 1 HYJIbOBUMHU I'PAaHUYHUMHU YMOBaMU:

a’zf
dx?

=1, I.Y. f(0)=0, r(1)=0.

SIkmo mnpoiHTerpyBatu [IBidui AudepeHuiadbHe piBHAHHSA 1 ckopuctatucs .Y,
1 . . . .
OoTpUMaeMo [ (x)=5(x—x2) (puc. 4). Uurtau MoOe BIN3HATH JdilaMETpPabHUN TIepepi3

KpyTJIoi MeMOpaHu 13 ekcriepumeHTiB [IpanaTis, abo XpoHOMETpUYHY KpUBY 13 3amadi Jlyoa
Opo OJHOBUMIpHI BUIAIKOBI OnykaHHs. B 1ux 3ajagax Ba)JIMBY pPOJIb BIAITpae CepeiHe

1
— 11
iHTeTpaibHe: f = J f (x)dx = % Bepmuna nmapaGosu 3HaXOAUTHCS Y TOYII (E, —j.
0

8
A (x) A i)
)
2 | 1
I
I
I
1T —~H---- M
| ! | |
| ! | |
| ! | |
| ! | |
| ! | |
| : | |
I | I
| ! | | %
! ! l ! 1{ e _
| : | | 12 5
- o o
Puc. 3. Puc. 4.

Toukm cepenuboro 3HadeHHsT KpuBoi [Ipannrns-Jly6a 3HaXOIMMO 13 PIBHSHHSA
2

_xx_ b 3sixcn B,(x)=0, x, :l_£, X, :l+£.
2 2 12 2 6 2 6
[T’sita inTepnperariisi: aOCHMCH TOYOK CEPEAHBOTO IHTErPAJLHOTO 3HAYCHHS [ (x)

IHTEpIPETYIOTHCS SIK HyI mojiiHoMa bepHyi.
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BucHoBku
Marematuka, SIK MpaBWIIO, Aa€ OuTbINe, HIX BiJ Hel O4UiKyloTh. MU TOTOIKyeEMOCS 3
JTYMKOIO JINTOBCbKOTO Martemarnka P. KamryOu [1], sikuif BBaXkae, 110 METOJT IHTEpIIpETAIlii
CHpUsi€ PO3MOBCIOKEHHIO JIEMOKpaTii, TOMy IO PO3BUBAE 3IIOHICTH MIHATH TOYKY 30pY.
PosrnsnyTi 3a1a4i 1ar0Th HOBI TEMH JJIS PO3IyMIB 1 CIIOCTEpEKeHb. B kBagpatypax ["aycca €
MEBHUHN AUIAKTUYHUIN TOTEHITIaN, SKU MOXe OYTH KOPUCHUM JUISl TUX, XTO BUUTHCS 1 HABUAE
MaTeMaTUIHOMY MOJICTIOBAHHIO.
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